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1 Introduction

Discontinuous incentives can lead economic agents to make choices that cluster or

“bunch.” This type of bunching behavior has been documented across a wide range

of settings, including labor earnings (Saez, 2010), firm profits (Best et al., 2015), in-

tertemporal savings decisions (Best et al., 2019), and inheritance (Glogowsky, 2021);

see Kleven (2016) and Bertanha et al. (2024) for surveys.

Saez (2010) showed how to use bunching in earnings around kinks in marginal tax

rates to estimate labor supply elasticities. His approach has been applied extensively

in the empirical literature; see, for example, Chetty et al. (2011), Bastani and Selin

(2014), and Mortenson and Whitten (2020). Saez’s estimation approach assumes that

there are no income effects and that compensated elasticities are homogeneous across

individuals.

We provide new results on identification and estimation when the assumptions of

no income effects and/or homogenous elasticities are removed. The model of labor

supply that we consider nests models commonly used in public finance, but allows

for both compensated elasticities and income effects to be random variables that vary

across the population. The model generates bunching behavior when a progressive

increase in marginal tax rates creates a kink in the budget set. The way in which

the distribution of earnings is affected by the introduction of this kink depends on the

unknown distribution of labor supply elasticities.

Our main results are bounds on average labor supply elasticities that are sharp,

meaning they extract all of the information in the data and model. We assume that

the researcher observes the distribution of earnings under the kinked system for all

individuals at or above the kink and either observes or estimates some portion of the

distribution of earnings in a system without the kink. The bounds that we derive

utilize these two distributions together with the economic structure of the labor supply

model. The bounds are analytic, making estimation and inference straightforward. We

also allow the researcher to impose prior restrictions that rule out extreme elasticities.

As part of our analysis, we provide sharp testable implications for the model under

various sets of assumptions.

We apply our results to Norwegian administrative data on the earnings of the self-

employed, where we find clear evidence of bunching around the kink in the top earnings

bracket. We test and reject the assumptions of no income effects and homogeneous

compensated elasticities. A model with heterogeneous compensated elasticities and

no income effects is not rejected and produces remarkably tight bounds. Allowing

for heterogeneous income effects widens these bounds modestly. Under conservative
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assumptions, we estimate that average compensated elasticities are at most 0.161 al-

lowing for large income effects, and at most 0.073 with no income effects. We also

find evidence that uncompensated elasticities are relatively close to zero. A direct

implication of our findings is that the excess burden of taxation is small.

In Section 2, we introduce the labor supply model and the tax system. We initially

focus our attention on kinks in the top bracket, which is an easier case to analyze and

aligns with our empirical application. Later in the paper, we generalize our results to

interior brackets.

We begin our identification analysis in Section 3 by revisiting Saez’s (2010) estima-

tion approach, which assumed no income effects and a homogeneous compensated elas-

ticity. Saez only uses the “bunching quantile” of the pre-kink distribution, which under

his assumptions corresponds to the pre-kink earnings of the marginal buncher. Because

there are no income effects, the compensated elasticity of this marginal buncher—the

compensated elasticity under homogeneity—can be inferred from their earnings re-

sponse. We show that Saez’s approach continues to work if income effects are non-zero

but known and homogeneous. We also show that using more of the pre-kink distri-

bution allows one to point identify both a homogeneous compensated elasticity and

a homogeneous income effect. The homogeneous model is in fact overidentified, an

implication we use to construct a specification test, which rejects in our application.

We then consider models with heterogeneous compensated elasticities and/or in-

come effects. The relevant target parameters in these models are generally only par-

tially identified. In Section 4, we introduce the relevant machinery for studying partially

identified models.

We use this machinery in Section 5, where we allow for heterogeneous compensated

elasticities while continuing to assume that income effects are known and homoge-

neous. Having a heterogeneous compensated elasticity breaks Saez’s approach because

the bunching quantile no longer needs to reflect the behavior of the marginal buncher.

We show that the identification problem can be recast as a contaminated data prob-

lem, in which the observed pre-kink earnings distribution is a mixture of the pre-kink

conditional earnings distributions of bunchers and non-bunchers. These conditional

distributions are not directly observed, because they depend on post-kink bunching

behavior. However, the shares of bunchers and non-bunchers are observed. This al-

lows us to apply a trimming argument originally developed by Horowitz and Manski

(1995), which we show how to repurpose to bound average compensated elasticities for

bunchers, non-bunchers, and the combined group.

In Section 6, we allow for both compensated elasticities and income effects to be

heterogeneous. This change complicates the trimming argument because it breaks the
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direct link between earnings responses and compensated elasticities. However, there

is still an indirect link through Engel aggregation, which implies that income effects

cannot be arbitrarily large. We show how to use this logic to derive sharp bounds on

average income effects, average compensated elasticities, and average uncompensated

elasticities, both by bunching status and for the combined group.

In Section 7, we generalize our arguments to apply to interior tax brackets. This

complicates the analysis because it raises the possibility of bracket switching, a possi-

bility which does not arise when analyzing a top bracket under standard preferences.

We show how to solve this problem by focusing attention on an identifiable subpop-

ulation that will not switch brackets. Our analysis also provides a way to study top

earnings brackets when using less of the pre-kink distribution, which can be useful to

allay concerns about extrapolation. In Section 8, we use these results in our empirical

application, which we find is quite robust to extrapolation.

We provide a brief conclusion in Section 9 that summarizes our central findings.

Proofs for all results can be found in the appendix and supplemental appendix.

Our paper contributes to a methodological literature about the use of kinks and

notches dating back to at least Burtless and Hausman (1978). See Bertanha et al.

(2024) for a recent survey. Some of this literature has focused on learning about com-

pensated elasticities when the pre-kink earnings distribution is unknown (Blomquist

et al., 2021), while others also consider the problem of extrapolating from one ob-

served tax system to another unobserved one (Bertanha et al., 2022, 2023). Our focus

is on what can be determined about labor supply elasticities given knowledge of the

earnings distributions when there are income effects and elasticities are heterogeneous

across observationally-identical agents. Pollinger (2025) starts from the same premise,

but considers identification of a model with an extensive margin and homogeneous

elasticities. Goff (2024) considers identification of the earnings response (treatment

effects) from a tax change around the kink, whereas our focus is on identifying elas-

ticity parameters that map into key economic quantities, such as the excess burden of

taxation.

2 Model and data

In this section, we lay out the model of labor supply that we use throughout the

analysis. We specify the tax system and show how it leads to bunching. We define the

identification problem when using different features of the earnings distribution. We

also introduce the Norwegian income data to which we apply our results.
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2.1 Labor supply

Consider a model of possibly-heterogeneous individuals choosing consumption C and

labor supply Y . Following Feldstein (1999) and Saez (2010), we take Y to be pre-

tax earnings to capture labor supply choices along multiple margins of adjustment.

Individuals have utility U(C, Y ) over consumption and labor supply. We assume that

U is twice continuously differentiable, strictly increasing in C, strictly decreasing in Y ,

has a strictly negative mixed partial derivative, and is strictly concave as a function of

both arguments. These assumptions imply that preferences are convex.

We assume that individuals face a progressive tax system that is piecewise linear.

We initially focus on individuals with earnings in the top bracket, defined by a threshold

Ȳ , but we extend our arguments to interior brackets in Section 7. As shown by Hall

(1973), convex preferences ensure that individuals who choose earnings Y above this

threshold Ȳ behave as if they were facing an appropriately-defined “virtual” linear tax

system, even if the actual tax system is nonlinear. Letting the marginal tax rate of

this virtual system be denoted by t and the virtual transfer by R, individuals maximize

utility subject to the budget constraint imposed by the tax system:

max
C,Y

U(C, Y ) subject to C = (1− t)Y +R.

The assumptions on U ensure that the individual’s problem has a smooth, unique

solution, which we denote as Y ⋆(1− t, R).

We denote the uncompensated (Marshallian) elasticity of labor supply with respect

to the take-home rate as

ϵu(1− t, R) ≡ 1− t

Y ∗(1− t, R)

∂Y ⋆(1− t, R)

∂(1− t)
.

The income effect is defined as

η(1− t, R) ≡ (1− t)
∂Y ⋆(1− t, R)

∂R
.

Slutsky’s equation implies that the compensated (Hicksian) elasticity of labor supply

with respect to the take-home rate is then ϵ(1−t, R) ≡ ϵu(1−t, R)−η(1−t, R) ≥ 0.1 Our

assumptions on utility imply that consumption and leisure are normal goods, leading

to the Engel aggregation condition (adding-up constraint) that η(1− t, R) ∈ [−1, 0].

1The compensated earnings function depends on the marginal tax rate and the level of utility. Letting
U⋆(1 − t, R) denote the indirect utility function, ϵ(1 − t, R) is the elasticity of the compensated earnings
function with respect to the net-of-tax rate, evaluated at 1− t and U⋆(1− t, R).
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We assume the uncompensated (Marshallian) earnings function under a linear vir-

tual tax system satisfies

log Y ⋆(1− t, R) = log β0 + βt log(1− t) + βRϕ (R) , (ef)

for some strictly increasing, twice differentiable, and (weakly) concave function ϕ. A

special case of (ef) with βR = 0 follows from the assumption that

U(C, Y ) = C − β0
1 + 1/βt

(
Y

β0

)1+1/βt

,

which is the specification of utility used by Saez (2010) and many other authors. More

generally, earnings functions like (ef) are common in the literature; see, for example,

Auten and Carroll (1999), Gruber and Saez (2002), Saez et al. (2012), or Kleven and

Schultz (2014). All of these authors estimate earnings functions where log earnings are

linear in log(1− t), although they vary in their choice of ϕ. For example, Kleven and

Schultz (2014) use ϕ(R) = log(R), so that log earnings are linear in logR. Our theo-

retical results apply for any ϕ that satisfies the shape constraints. In our application,

we set ϕ(R) = R so that it is well-defined for R = 0.

2.2 The effect of kinks in the tax system

Figure 1 depicts a piecewise linear tax system with marginal tax rate t0 for earnings

below the threshold (Ȳ ) and marginal tax rate t1 > t0 for earnings above the threshold.

We call this tax system 1, which we think of as the status quo system with a kink at

the threshold. Figure 1 also shows an alternative linear tax system that has marginal

tax rate t0 throughout. We call this tax system 0, which we think of as a “pre-kink”

system. Hall’s virtual linear tax system under system 1 is shown by the dashed blue

line in Figure 1. If R0 denotes the virtual transfer under system 0, then the virtual

budget set has virtual transfer R1 ≡ R0 + Ȳ (t1 − t0).

We compare individual behavior in the two systems by considering a hypothetical

change from system 0 to system 1. This change would not affect the choices of indi-

viduals with earnings below the threshold, because their original bundle under system

0 would still be available under system 1, while bundles above the kink have become

less attractive. We only consider individuals above the kink under system 0. These

individuals will adjust their earnings in response to the increased marginal tax rate,

but they will remain above the kink, because preferences are convex. Following Hall’s

(1973) insight, their choices can be determined by considering their behavior under the

virtual linear budget set for system 1, which is shown in blue in Figure 1. The next
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Figure 1: Illustration of bunchers and non-bunchers

(a) Interior solution (non-buncher)

Y0 = V0

Y1 = V1

Ȳ Y

C

(b) Corner solution (buncher)

Y0 = V0

V1

Y1 = Ȳ

Ȳ Y

C

Notes: The system 0 budget set, C = (1− t0)Y +R0, is shown in red and the system 1 budget set is shown in
blue. The budget sets overlap to the left of Ȳ , where they have slope 1− t0. The slope of the system 1 budget
set to the right of Ȳ is 1− t1 < 1− t0. The dashed blue line to the left of Ȳ denotes the virtual linear budget
set implied by system 1, which has budget constraint C = (1 − t1)Y + R1 with R1 ≡ R0 + Ȳ (t1 − t0). The
thin black lines are indifference curves. The non-buncher chooses an interior solution of V1 = Y1 ≥ Ȳ , while
the buncher has V1 < Ȳ , so chooses the corner solution Y1 = Ȳ . System 0 is already linear, so V0 = Y0.

proposition describes how their choices under the virtual linear budget set for system

1 would be related to their choices under system 0.

Proposition 1. Consider an individual who would choose V0 ≡ Y ⋆(1− t0, R0) under

the linear tax system 0. Let V1 ≡ Y ⋆ (1− t1, R1) denote their earnings choice under a

hypothetical virtual linear system with constant marginal tax rate t1 > t0 and transfer

R1 ≡ R0 + Ȳ (t1 − t0). Let vd ≡ log Vd. Then

v1 = v0 − ϵτ − ηπ(v0) ≡ ν(v0, ϵ, η), (ve)

where ϵ and η are elasticities evaluated at (1− t0, R0), τ ≡ log(1− t0)− log(1− t1) is

the change in log take-home rates, and

π(v0) ≡ τ − ϕ(R1)− ϕ(R0)

(1− t0) exp(v0)ϕ′(R0)

is a strictly increasing function of v0 with π(v0) ∈ (0, τ) for all v0 ≥ ȳ ≡ log(Ȳ ).

The virtual earnings choices under system 1 given in (ve) reflect a combination of
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both income (η) and substitution effects (ϵ), and depend on earnings choices v0 under

system 0. Note that because system 0 is itself linear, the virtual and actual earnings

choices are the same: v0 = y0.
2 In contrast, virtual earnings choices under system 1

are only feasible if v1 ≥ ȳ: those with v1 < ȳ cannot choose y1 = v1 under the actual

tax system. Because preferences are convex, their best feasible option is to “bunch” at

the kink by choosing y1 = ȳ.3 Log earnings under system 1 are therefore

y1 =

v1, if v1 > ȳ (interior solution — non-bunchers)

ȳ, if v1 ≤ ȳ (corner solution — bunchers).
(bu)

The combination of (ve) and (bu) is the foundation of our empirical analysis. Figure

1a illustrates the behavior of a non-buncher, while Figure 1b illustrates the behavior

of a buncher.

2.3 The empirical problem

The researcher observes the distribution of y1, denoted G1. They also observe or

estimate some portion of the distribution of y0, denoted G0. Their goal is to use this

information to identify features of the distribution of the elasticity parameters, ϵ and

η. The nature of the problem depends both on what features of G0 are assumed to

be known (or knowable), and on whether the elasticity parameters are allowed to be

stochastic (heterogeneous) or are assumed to be constant (homogeneous).

As discussed in the previous section, the only individuals whose choices are affected

by the reform are those with y0 > ȳ and all individuals who choose y1 ≥ ȳ also have

y0 > ȳ. This implies that the only empirically relevant portion of the distribution of

earnings is where y0 > ȳ, or, equivalently, y1 ≥ ȳ. We condition on this event implicitly

in the notation, so that G0 and G1 are the distributions of y0 and y1 conditional on the

event y0 > ȳ or the equivalent event y1 ≥ ȳ. Likewise, all expectation and probability

operators should be interpreted as implicitly conditional on this event.4 We assume

throughout our analysis that G0 is strictly increasing and absolutely continuous, so

that it admits a density. We make the same assumption on the distribution of y1

implied by G1, conditional on y1 > ȳ, noting that G1 has a mass point at ȳ due to

bunching.5

2The distinction between v0 and y0 becomes important when considering interior brackets in Section 7.
3Suppose preferences are strictly convex and an individual with v1 < ȳ chooses y1 > ȳ. Then there exists

a feasible point in [ȳ, y1) that is strictly preferred to y1, violating rationality.
4These notational distinctions become more important when analyzing interior brackets in Section 7.
5Assuming continuity makes many of our bounding results cleaner, but our arguments can be modified

for discrete distributions as well.
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We denote the size of this mass point—the proportion of bunchers—by p̄ ≡ G1(ȳ).

The bunching method developed by Saez (2010) uses the distribution of G0 up to the

p̄th quantile, which we denote as q0(p̄) and refer to as the “bunching quantile.” No

other features of G0 are used.

As we show ahead, there is a great deal of additional information contained in the

rest of G0. We generalize the bunching method to the case in which the researcher

uses information in the distribution of G0 up to ¯̄y0. Let ¯̄p0 ≡ G0(¯̄y0) be the quantile

associated with ¯̄y0. If ¯̄p0 = 1, the researcher is using the entirety of the distribution

of G0. The bunching method is nested as ¯̄p0 = p̄. We also consider intermediate data

methods that choose ¯̄y0 so that ¯̄p0 is somewhere between p̄ and 1. As we show, setting

¯̄y0 to be larger—using more of the distribution of G0—allows one to learn more about

the underlying elasticities.

All of the methods we discuss require knowing the quantiles of G0 up to ¯̄p0. Saez

(2010) and Chetty et al. (2011) use parametric assumptions to estimate the bunching

quantile q0(p̄) by extrapolating data from system 1 into a region around the kink point.

Blomquist et al. (2021) show that these parametric assumptions are important because

the counterfactual distribution is not non-parametrically identified without additional

information. Bertanha et al. (2023) propose maximum likelihood-based estimators

to jointly estimate G0 and ϵ under no income effects and homogeneous ϵ. If G0 is

estimated by parametric extrapolation, then estimates of its tails might be unreliable.

This sets up a trade-off that is controlled by ¯̄p0: a larger ¯̄p0 allows one to learn more,

but risks unreliable extrapolation, while a smaller ¯̄p0 achieves the opposite.

Knowledge of G0 could also come from sources that do not require parametric

extrapolation. For example, it could come from an experimental evaluation such as the

Negative Income Tax (e.g. Ashenfelter and Plant, 1990) or Jobs First (e.g. Bitler et al.,

2006) experiments. It could also come from quasi-experimental methods. For example,

Coles et al. (2022) use firms that face different tax kinks, Hungerman and Ottoni-

Wilhelm (2021) use the distribution in states that have different tax laws, and Gelber

et al. (2021) use the distribution of earnings for differently-aged workers who do not face

a kink. Our analysis ahead is premised on knowing G0 up to the ¯̄p0 quantile, but takes

no stance on where this knowledge comes from, whether parametric extrapolation, an

experimental or quasi-experimental evaluation, or some other method.

2.4 Data

We apply our results using Norwegian administrative data from 2006–2018. The data

contain separate measures for wage, business, and capital income, as well as taxable
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Figure 2: Actual and counterfactual earnings distribution around the kink

Notes: The figure plots the actual and counterfactual earnings distribution around the kink. Observations
within 30,000 NOK of the kink are excluded when estimating the counterfactual distribution. The coun-
terfactual distribution is recovered using a similar approach as Chetty et al. (2011). See Appendix A for
details.

income. We focus our attention on prime-aged workers between the ages of 26 and 61

who are self-employed, defined as having business income greater than wage income in

a given year. This restriction is motivated by earlier research that finds more bunching

among the self-employed than among wage earners (Saez, 2010; Chetty et al., 2011;

Bastani and Selin, 2014).6 Appendix Table C.1 shows that the self-employed tend to

earn about 10% more than the population, are about three years older on average,

more likely to be male, and less likely to have a college degree.

Our focus is on the top two tax brackets. Appendix Figure C.2 shows that the

income level for the top bracket as well as the marginal tax rates in the top two brackets

6One possible reason for this finding is that they can more precisely control their earnings. Another
possibility is that they are better informed about the tax system. We refer to Chetty (2012), Kleven and
Waseem (2013), and Kostøl and Myhre (2021) for discussions about how optimization and information
frictions could affect bunching at kinks.
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remained stable over the horizon we study. Like Saez (2010) and Chetty et al. (2011),

we use this stability to gain precision by pooling the data across years and defining

marginal tax rates above and below this average boundary by their average across

years. The resulting kink is located at roughly 912,500 Norwegian Kroner (NOK),

which was approximately $110,000 in 2018. The marginal tax rate changes at the kink

from 0.436 to 0.466. Accounting for Norway’s 25 percent value-added tax, we interpret

this as t0 = 0.549 and t1 = 0.573.7

Figure 2 plots the earnings distribution in blue, which corresponds to the system

1 distribution G1. A spike in the density of earnings gives clear visual evidence of

bunching. We estimate the counterfactual system 0 earnings distribution, G0, by closely

following the extrapolation method used by Chetty et al. (2011). Their method assumes

that the density of G0 is proportional to the actual distribution above the kink and that

it follows a 7th-order polynomial within 30,000 NOK of the kink. We formalize their

assumptions and estimators in Appendix A. The resulting estimate of G0 is shown by

the red line in Figure 2. The counterfactual density is smooth and closely tracks the

earnings distribution below the kink, suggesting that the extrapolation is plausible.

Chetty et al. (2011) measure the size of the bunch by calculating the “excess mass,”

defined as the share of bunchers p̄ relative to the share of individuals with Y0 close to

Ȳ . If we define close as 5,000 NOK, then their definition of excess mass is p̄/(G0(Ȳ +

5000)−G0(Ȳ )), which is approximately 0.79 in our data. The standard error is 0.003,

so we strongly reject the null hypothesis that there is no bunching at Ȳ .

3 Homogeneous substitution and income effects

In this section, we consider identification when ϵ and η are homogeneous (non-stochastic)

parameters that do not vary across individuals. The primary target parameters are

clear in this case: ϵ and η. From these parameters, we can also compute the implied

uncompensated elasticity ϵu = ϵ+ η.

3.1 Identification using the bunching quantile

With homogeneous elasticities, the virtual earnings equation (ve) defines a determin-

istic relationship between v1 and v0 via v1 = ν(v0, ϵ, η). The function ν(v0, ϵ, η) is

strictly increasing in v0 because π(v0) is strictly increasing and η ≤ 0. Together with

7We make the adjustment for the value-added tax (VAT) as follows. Let the nominal top-income tax rate
be denoted ty and VAT by tc. The worker’s budget constraint can be written as (1 + tc)C = (1− ty)Y +R,
which means one dollar of pre-tax earnings converts to (1−t) dollars of consumption, with t = 1−(1−ty)/(1+
tc). Substituting for ty = 0.436 or ty = 0.466 and tc = 0.25 produces t0 = 1− (1− 0.436)/(1 + 0.25) ≈ 0.549
and t1 = 1− (1− 0.466)/(1 + 0.25) ≈ 0.573.
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the bunching behavior described in (bu), this means that there is a maximum earnings

level ν−1(ȳ, ϵ, η) that an individual who chooses to bunch under system 1 could have

under system 0. This implies that the proportion that bunch at the kink satisfies

p̄ = P[ν(v0, ϵ, η) ≤ ȳ] = P[v0 ≤ ν−1(ȳ, ϵ, η)] = P[y0 ≤ ν−1(ȳ, ϵ, η)], (1)

where the last equality follows because system 0 is itself linear, implying that v0 = y0.

From (1), we conclude that the bunching quantile q0(p̄) satisfies

q0(p̄) = ν−1(ȳ, ϵ, η) or ν(q0(p̄), ϵ, η) = ȳ. (2)

Using (ve) then provides the following conclusion.

Proposition 2. Suppose that ¯̄p0 = p̄. If η is assumed to be known, then ϵ is point

identified:

ϵ =
q0(p̄)− ȳ − ηπ(q0(p̄))

τ
. (3)

If η is unknown, then ϵ is not point identified, but it is bounded:

q0(p̄)− ȳ

τ
≤ ϵ ≤ q0(p̄)− ȳ + π(q0(p̄))

τ
. (4)

These bounds are sharp given only knowledge of G1 and G0(y) for y ≤ q0(p̄).

Proposition 2 nests the case of no income effects (η = 0), so it both formalizes and

generalizes the identification argument in Saez (2010). The argument shows that the

marginal buncher has earnings q0(p̄) in system 0. The labor supply response for the

marginal buncher is not censored, so their virtual response v1 − v0 = ν(y0, ϵ, 0) − y0

is the same as their observed response ȳ − q0(p̄). Using (ve) to substitute for the

virtual earnings produces the expression for the compensated elasticity provided in (3),

which is identified if η is assumed to be known. Assuming elasticities are homogeneous

means that this compensated elasticity for the marginal buncher also applies to all

other individuals.

The bounds in (4) under unknown η arise from considering all values of η between

the range of 0 and −1 allowed for by the Engel aggregation condition. The sharpness

statement in the second part of Proposition 2 implies that ϵ is not point identified

from the bunching quantile without an assumption about income effects, η. Assuming

away income effects (η = 0) is one possibility, but any other assumed value of η would

also imply a value of ϵ. Considering the range of income effects consistent with Engel
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aggregation gives the bounds shown in (4). The lower bound is attained when η = 0,

while the upper bound is attained when η = −1.

3.2 Estimates using the bunching quantile

The first two rows of Table 1 report point estimates and bounds on ϵ, ϵu, and η using

only the bunching quantile. Under the assumption of no income effects (η = 0), the

compensated elasticity is point identified and estimated to be 0.079. This estimate is

similar to other bunching estimates for the self-employed in Nordic countries. Bastani

and Selin (2014) find estimates ranging from 0.020 to 0.073 in Sweden. Chetty et al.

(2011) find an estimate of 0.1 at an interior kink in the Danish tax system.

Allowing for income effects breaks point identification, but the compensated elas-

ticity remains tightly bounded between 0.079 and 0.110. The reason the bounds are

tight is that the average tax rate of the marginal buncher—an individual who must be

close to the kink given the homogeneity assumptions—barely changes as the tax sys-

tem changes from system 0 to system 1. We conclude that assuming no income effects

has little impact on the estimated compensated elasticities when these elasticities are

assumed to be homogeneous.

Table 1 also reports bounds on the uncompensated elasticity when using only the

bunching quantile. The upper bound on ϵu of 0.079 is the lower bound on ϵ, which

rules out large uncompensated elasticities. The lower bound on ϵu of −0.890 is not

informative, but it is sharp. We conclude that it is more difficult to learn about

uncompensated elasticities than it is to learn about compensated elasticities when using

only the bunching quantile. The intuition is that the uncompensated earnings elasticity

measures the earnings response to tax reforms that change the marginal and average

tax rate by the same amount. However, the introduction of a kink barely changes

the average tax rate for the marginal buncher, implying that the observed earnings

response is much closer to a compensated earnings response than an uncompensated

one.

3.3 Using more data

Proposition 2 showed that the bunching method with ¯̄p0 = p̄ does not provide enough

information to separately identify ϵ and η: there is a single equation (3) with two

unknowns, ϵ and η. Setting ¯̄p0 > p̄ allows for identification of both unknowns by

providing equations for multiple quantiles p ≥ p̄. The underlying reasoning is similar:

p = P[y0 ≤ q0(p)] = P[ν(y0, ϵ, η) ≤ ν(q0(p), ϵ, η)] = P[y1 ≤ ν(q0(p), ϵ, η)], (5)
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Table 1: Elasticities assuming homogeneity

Compensated elasticity Uncompensated elasticity Income effect

¯̄p0 Income effects Estimate 95% CI Estimate 95% CI Estimate 95% CI

Bunching quantile (p̄) × 0.079 (0.078, 0.079)
Bunching quantile (p̄) ✓ [0.079, 0.110] (0.078, 0.110) [−0.890, 0.079] (−0.890, 0.078) [−1.000, 0.000]

0.05 ✓ 0.080 (0.079, 0.080) 0.043 (0.034, 0.051) -0.037 (−0.046,−0.028)
0.10 ✓ 0.080 (0.079, 0.080) 0.047 (0.045, 0.048) -0.033 (−0.035,−0.031)
0.20 ✓ 0.079 (0.078, 0.079) 0.061 (0.061, 0.062) -0.017 (−0.018,−0.017)
1.00 ✓ 0.082 (0.082, 0.083) 0.016 (0.016, 0.017) -0.066 (−0.066,−0.065)

Notes: This table shows estimates of elasticities under the assumption that they are homogeneous. The
first row assumes no income effects, while the remaining rows allow for income effects. Estimates and 95%
confidence intervals are presented when using data up until different choices of ¯̄p0 ranging from the bunching
quantile, to the 5th, 10th, and 20th quantiles of y0, up until using full knowledge of the distribution of y0
(100th quantile). Confidence intervals are constructed using the method of Imbens and Manski (2004) with
the bootstrap to account for estimating the pre-kink distribution.

where the second equality uses the strict monotonicity of ν in v0 = y0 and the third

holds because q0(p) ≥ ȳ if p ≥ p̄. Let q1(p) denote the pth quantile of the earnings

distribution under system 1. Then (5) together with (ve) implies

q1(p) = ν(q0(p), ϵ, η) ⇔ τϵ+ ηπ(q0(p)) = q0(p)− q1(p). (6)

Knowledge of q0(p) and q1(p) at two different quantiles provides two equations that

can be solved for ϵ and η.

Proposition 3. Suppose that ¯̄p0 > p̄, so that qd(p
′), qd(p

′′) are known for at least two

distinct p′, p′′ ≥ p̄ and both d = 0, 1. Then

η =
(q0(p

′′)− q1(p
′′))− (q0(p

′)− q1(p
′))

π(q0(p′′))− π(q0(p′))
(7)

and ϵ =
q0(p

′)− q1(p
′)− ηπ(q0(p

′))

τ
. (8)

Proposition 3 shows that if ϵ and η are homogeneous, then they are separately

identified if ¯̄p0 > p̄. The intuition is that labor supply responses to system 1 depend

on how far an individual’s system 0 earnings are from the kink. If they are close to the

kink, then their response is driven more by the compensated elasticity, while if they

are far from the kink, their response is driven more by their uncompensated elasticity.

The exact trade-off is governed by π, which measures the proportional distance from

the kink in levels. If elasticities are homogeneous, then comparing responses for any

two quantiles is enough to isolate both ϵ and η.

This reasoning also implies that ϵ and η are heavily overidentified: any two quantiles

p′, p′′ should satisfy (7)–(8). Multiple quantiles can be combined in estimation. Given
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estimators q̂d(p) for d = 0, 1, one can estimate ϵ and η by solving the least squares

problem suggested by (6):

(ϵ̂, η̂) = argmin
ϵ,η

n∑
j=1

[(q̂0(pj)− q̂1(pj))− τϵ− ηπ(q̂0(pj))]
2 (9)

where p1, . . . , pn is a grid of quantiles below ¯̄p0. This is simple to implement as an

ordinary least squares estimator.8 It also provides a testable implication of the model,

namely that the sum of squared residuals of (9) is zero. This implication is sharp in

the sense that if some ϵ ≥ 0 and η ∈ [−1, 0] satisfies (6) for all quantiles p, then (ϵ, η)

is consistent with the model and maps the marginal distribution of y0 to the marginal

distribution of y1.

The last four rows of Table 1 report point estimates of ϵ, η, and ϵu based on (9) using

different values for ¯̄p0. The point estimates of the compensated elasticity remain close

to 0.080 regardless of how much data is used. The estimated uncompensated elasticities

vary between 0.016 and 0.061 for different values of ¯̄p0. An uncompensated elasticity

close to zero is consistent with macroeconomic time-series evidence that hours worked

do not increase as wages rise (see, for example, Kimball and Shapiro, 2008; Boppart

and Krusell, 2020). The estimated income effects range from −0.066 to −0.017. These

are smaller than those obtained from using lottery winnings by Cesarini et al. (2017)

and Golosov et al. (2024). However, these studies estimate a combination of intensive

and extensive margin responses, so their estimates are not directly comparable to ours.

In Appendix SA.1, we derive expressions for the revenue-maximizing tax rate and

the excess burden of taxation as functions of the labor supply elasticities. Our com-

pensated elasticity estimate with ¯̄p0 = 0.1 implies an excess burden of taxation of 11

percent. This means that the cost of increasing the marginal tax rate while keeping

taxpayers equally well off is 11 cents per dollar raised. The revenue-maximizing tax

rate on incomes above Ȳ is 0.86, which is much higher than the status quo tax rate.

The model with homogeneous substitution and income effects is overidentified when

using data above the bunching quantile. We implement a bootstrap test of the null

hypothesis that the model is not misspecified when using different amounts of data.9

8Two modifications of this estimator are worth mentioning. First, we could add the constraints ϵ ≥ 0
and η ∈ [−1, 0] to the problem. In our setting, these constraints are far from binding, so would make no
difference. Second, instead of using equal weighting, the quantiles could be combined using an efficient
minimum distance weighting. Working out the efficient weighting would be quite complicated for the choice
of q̂0(p) commonly used in the literature (see Appendix A).

9We implement the test as a bootstrap overidentification test. Let r̂j = (q̂0(pj)− q̂1(pj))−τ ϵ̂− η̂π(q̂0(pj))
be the residuals from (9) and let J0 ≡

∑n
j=1 r̂

2
j . For each bootstrap draw b = 1, . . . , NB , we re-estimate the

quantile functions, re-center ỹ
(b)
j = (q̂

(b)
0 (pj) − q̂

(b)
1 (pj)) − r̂j , and obtain the bootstrapped residuals {r̂(b)j }j
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The test rejects at the 1% or lower level when using data at or beyond the 17th quantile.

4 Identification definitions

In the remainder of the paper, we consider more complicated settings in which ϵ and

η are random variables. These cases generally lead to partial identification. To lay

the groundwork for this analysis, we begin in this section by formally defining the

identification problem and the relevant objects.

The primitive unobservable is the joint distribution of (ϵ, η, v0). Let F be such a

distribution. The model implies that ϵ ≥ 0 and η ∈ [−1, 0], so we restrict our attention

to the set of distributions F ≡ {F : PF [ϵ ≥ 0, η ∈ [−1, 0]] = 1}, where PF denotes

probability taken when (ϵ, η, v0) is distributed like F . In some of our results, we further

restrict F to lie in a subset F† ⊆ F that reflects additional assumptions placed on F .

Each F ∈ F directly implies a distribution of system 0 virtual earnings through its

marginal distribution of v0. It also implies a distribution of system 1 virtual earnings

ν(v0, ϵ, η), where ν is defined in (ve). The identified set, F⋆, is defined as the subset

of F† that matches the distributions of G0 and G1 up to some pre-specified points:

F⋆ ≡
{
F ∈ F† : PF [v0 ≤ y] = G0(y) for all ȳ < y < ¯̄y0,

PF [ν(v0, ϵ, η) ≤ y] = G1(y) for all ȳ ≤ y < ¯̄y1

}
, (id)

where ¯̄y0 and ¯̄y1 are known and specified by the researcher.

In Sections 5 and 6, where we only consider top brackets, we set ¯̄y0 = ¯̄y1 = ∞. We

record this condition for future reference.

Condition T. (Top bracket data) ¯̄y0 = ¯̄y1 = ∞.

Under Condition T, any F ∈ F⋆ must have marginal distribution of v0 equal to G0 and

must imply a marginal distribution of v1 = ν(v0, ϵ, η) equal to G1. We relax Condition

T in Section 7, where we consider interior brackets and top brackets but with limited

extrapolation.

Each F ∈ F generates a value for a lower-dimensional target parameter of interest,

such as the average compensated elasticity, EF [ϵ]. Our goal is to characterize all values

that such a target parameter can take as F ranges across its identified set F⋆. We say

that a bound on a target parameter is valid if it is satisfied for all F ∈ F⋆. We say

from regressing ỹ
(b)
j onto τ and π(q̂

(b)
0 (pj)). The bootstrap test statistic is J (b) ≡

∑n
j=1(r̂

(b)
j )2. The p-value

is N−1
B

∑NB

b=1 1[J (b) ≥ J0].
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that a finite bound is sharp if it can be obtained by some F ∈ F⋆. We say that an

infinite bound is sharp if any finite bound can be obtained by some F ∈ F⋆.

In order to derive a sharp bound, we need to first understand when F⋆ is non-empty,

so that the problem is well-posed. We say that the model is misspecified if F⋆ is empty.

We say that a model is not misspecified if F⋆ is non-empty. We refer to conditions

that characterize when F⋆ is empty as testable implications. A testable implication is

called sharp if it is both sufficient and necessary for F⋆ to be empty.

5 Heterogeneous substitution effects

In this section, we assume that η is deterministic and known, as it is, for example,

under the common assumption of no income effects (η = 0). We record this as a

condition for future reference.

Condition D. (Deterministic income effects) F† is the subset of F under which

the distribution of η is degenerate and equal to a known constant.

We focus on identification of the means of ϵ, both unconditional and conditional on

bunching status. Throughout this section, we maintain Condition T. Under this condi-

tion and Condition D, the only part of F that is unknown is the conditional distribution

of ϵ given v0.

5.1 Testable implications

We begin with a sharp testable implication that characterizes when F⋆ is non-empty.

Proposition 4. Maintain Conditions T and D. Let ζ(y0; η) ≡ y0− ηπ(y0). The model

is not misspecified if and only if P[ζ(y0; η) ≤ y] ≤ G1(y) for all y ≥ ȳ.

The quantity ζ(y0; η) can be thought of as the “zero-elasticity earnings response” (ZER)

that would occur in system 1 if compensated elasticities were zero. If income effects

were also zero, then individuals would not change earnings, so ζ(y0; 0) = y0.

Proposition 4 shows that whether the model is misspecified can be determined by

comparing the ZER distribution to the actual system 1 earnings distribution, G1. If

the model is not misspecified, then G1 can be produced by some distribution of com-

pensated elasticities. This distribution is dominated by the ZER distribution because

compensated elasticities are non-negative. The converse direction is shown construc-

tively: if the ZER distribution dominates G1, then it is possible to construct a distri-

bution of ϵ that is non-negative and reproduces G1, implying that the model is not

misspecified.
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The testable implication in Proposition 4 can be equivalently stated in terms of

the quantile functions of the ZER and the actual system 1 earnings distribution:

ζ(q0(p); η) ≥ q1(p) for all p. Appendix Figure C.3 reports estimates of the differ-

ence between these two quantile functions when taking η = 0. The difference is larger

than zero for all values of p, so the testable implication is satisfied. One-sided tests

do not reject the null that the difference is non-negative for any p at any conventional

significance level. The testable implication in Proposition 4 is sharp (sufficient and

necessary), so this provides strong evidence that the model is not misspecified once

one allows for heterogeneous compensated elasticities.

5.2 Trimming bounds

Solving (ve) for ϵ shows how the compensated elasticity is related to the change in

virtual earnings:

ϵ =
1

τ
(v0 − ηπ(v0)− v1) ≡

1

τ
(ζ(v0; η)− v1) . (ce)

This relationship shows that the compensated elasticity is the (scaled) difference be-

tween the ZER, ζ(v0; η), and the virtual system 1 earnings, v1. Condition T implies

that v0 = y0 and that v1 = y1 for all but the bunchers, making only η and ϵ unknown.

In Section 3, we used (ce) with a known η to directly identify a deterministic ϵ.

Allowing ϵ to be random creates two challenges for identification, both of which can

be seen from (ce). First, even if virtual earnings were fully observed as y1 = v1 and

y0 = v0, the marginal distributions of y0 and y1 would be compatible with multiple

joint distributions of (y0, y1), and therefore also multiple distributions of ϵ. Second,

virtual earnings are not fully observed because they are censored for the bunchers:

(bu) shows that individuals with y1 = ȳ have virtual earnings v1 ≤ ȳ.

These challenges mean that the average compensated elasticity will not in general

be point identified for either the bunchers, the non-bunchers, or the overall population.

There is, however, still structure for deriving informative bounds. This structure comes

from two sources.

First, there is the probabilistic relationship that the system 0 distribution is a

mixture of the earnings distributions of bunchers and non-bunchers. That is,

G0(y) = G0|0(y)(1− p̄)︸ ︷︷ ︸
non-bunchers

+G0|1(y)p̄︸ ︷︷ ︸
bunchers

, (10)

where we use the shorthand notation G0|b(y) ≡ P[y0 ≤ y|B = b] with B ≡ 1[v1 ≤ ȳ] =
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1[y1 = ȳ] denoting bunching status. While G0 is observable, neither G0|0 nor G0|1 is

observable, because B depends on y1 and we do not observe the joint distribution of

(y0, y1). However, because the proportion of bunchers p̄ is observable, G0|0 and G0|1

can be bounded in terms of the p̄ and (1 − p̄) quantiles of G0 by using a trimming

argument similar to that developed by Horowitz and Manski (1995) and applied to

program evaluation by Lee (2009).

The second source of structure is the model implication that the ZER is weakly

larger than actual system 1 earnings: ζ(v0; η) ≥ v1. This inequality must be true with

probability one for ϵ to be non-negative with probability one, because τ > 0; see (ce).

If η = 0, then this inequality reduces to v0 ≥ v1, reflecting the observation that virtual

earnings under system 1 must be unambiguously lower than system 0 earnings in the

absence of income effects. More generally, the inequality implies that the distribution

of ζ(v0; η) must dominate the distribution of v1 for the non-bunchers.

Exploiting both sources of structure leads to the following result, which provides

sharp bounds on average compensated elasticities, both unconditional and conditional

on buncher status.

Proposition 5. Maintain Conditions T and D. The following bounds are valid:

E[ϵ] ≥ 1

τ
(E[ζ(y0; η)]− E[y1]) (p5-lb)

E[ϵ|B = 1] ≥ 1

τ
(E[ζ(y0; η)|y0 ≤ q0(p̄)]− ȳ) (p5-lb-b1)

E[ϵ|B = 0] ≥ 1

τ

(∫
ζ(y; η) dG(y)− E[y1|y1 > ȳ]

)
, (p5-lb-b0)

where G(y) ≡ min
{
G0(y)/(1− p̄), G1|0(ζ(y; η))

}
,

and E[ϵ|B = 0] ≤ 1

τ
(E [ζ(y0; η)|y0 > q0(p̄)]− E[y1|y1 > ȳ]) . (p5-ub-b0)

If the model is not misspecified, then (p5-lb-b1) and (p5-ub-b0) are sharp, while

the sharp upper bounds on E[ϵ] and E[ϵ|B = 1] are infinite. The bounds (p5-lb) and

(p5-lb-b0) are sharp under a “single-crossing” condition that G′
1|0(y) and G′

0(y)/(1−p̄)

only cross a single time as functions of y, where G′
1|0 and G′

0 are first derivatives

(densities).

The first three rows of Table 2 report estimates of the bounds in Proposition 5 in our

application under the assumption of no income effects (η = 0). The bounds on the non-

bunchers’ average compensated elasticity are remarkably tight. The sharp upper bound

is obtained when the entirety of the p̄ mass of bunchers corresponds to the left p̄ tail

of the distribution of ζ(y0; 0) = y0. In this scenario, the bunchers would need to have
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an average compensated elasticity of at least 0.039, which is their sharp lower bound

reported in Table 2. At the same time, the largest average compensated elasticity that

the non-bunchers could have while still rationalizing the remaining differences between

the two distributions is 0.064.

The lower bound for the non-bunchers is more subtle. It is obtained by using

the bunchers to explain as much of the difference between the distributions of y1 and

y0 = ζ(y0; 0) as possible. If the bunching moment p̄ is sufficiently large to explain all of

the downward shift from y0 to y1, then it is also possible that all of this downward shift

was created by bunchers moving to the kink. The non-bunchers would have y0 = y1

implying that

G1|0(y) = G0|0(y) =
P[y0 ≤ y,B = 0]

1− p̄
≤ G0(y)

1− p̄
,

so that Ḡ(y) = G1|0(y) for all y, rendering the lower bound (p5-lb-b0) zero. This is

what happens in our application. While it leads to a sharp lower bound of zero for the

non-bunchers, it also leads to a sharp lower bound of 0.064 for the combined group of

top-earners. This combined lower bound could be entirely driven by the bunchers, who

would need to be highly elastic to explain all of the differences between the system 0

and system 1 distributions.10

In more general cases, it might not be possible to rationalize the differences between

the distributions of y1 and y0 (or ζ(y0; η), more generally) as only arising from the

bunchers. The lower bound for the non-bunchers and for the combined group of top-

earners would then be obtained by placing the p̄ mass of bunchers in the distribution

of y0 in a way that minimizes the remaining differences between the distributions of y0

and y1. The lower bound (p5-lb-b0) represents one way to do this, but it is only sharp

if it can be attained by a non-negative distribution of ϵ. In Appendix SA.4, we show

that this is possible if the single-crossing condition holds. We also derive an expression

for the sharp lower bound when the single-crossing condition is relaxed to allow for

any finite number of crossings.

5.3 Prior upper bounds

The sharp upper bound for bunchers in Proposition 5 is infinite because the bunchers

could be arbitrarily elastic and they would still locate at the kink in system 1. This

also leads the sharp upper bound on the overall average elasticity to be infinite. This

conclusion depends on extreme behavior and seems overly conservative. We can dis-

10The lower bound for the combined top-earners and the upper bound for the non-bunchers are coinciden-
tally equal up to three decimal points, but not beyond that.
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Table 2: Compensated elasticities with heterogeneity and no income effects

ϵMAX Estimate 95% CI

Bunchers ∞ [0.039,∞] (0.039,∞)

Non-bunchers ∞ [0.000, 0.064] (0.000, 0.064)

All ∞ [0.064,∞] (0.063,∞)

3 [0.064, 0.092] (0.063, 0.092)

1.5 [0.064, 0.078] (0.063, 0.078)

1 [0.064, 0.073] (0.063, 0.073)

Notes: This table shows estimates of the sharp bounds for average compensated elasticities when allowing for
heterogeneous substitution effects and assuming no income effects. The first three rows impose no additional
assumptions. The last three rows maintain different choices of ϵmax, which puts an upper bound on the
average compensated elasticity of bunchers. Confidence intervals are constructed using the method of Imbens
and Manski (2004) with the bootstrap to account for estimating the pre-kink distribution.

cipline it by placing a prior upper bound on the average compensated elasticity for

bunchers. This prior upper bound then leads to a non-trivial upper bound on the

average elasticity for the combined population of top-earners.

Condition DB. (Deterministic income effects and bounded compensated

elasticities for the bunchers) F† is the subset of F under which (i) the distri-

bution of η is degenerate and equal to a known constant and (ii) EF [ϵ|B = 1] =

EF [ϵ|ν(v0, ϵ, η) ≤ ȳ] ≤ ϵmax, where ϵmax is a known constant.

Proposition 6. Maintain Conditions T and DB. The following bound is valid:

E[ϵ] ≤ ϵmaxp̄+
1

τ
(E [ζ(y0; η)|y0 > q0(p̄)]− E[y1|y1 > ȳ]) (1− p̄). (11)

If the model is not misspecified, then the sharp lower bound on E[ϵ] is given by (p5-lb),

and the sharp upper bound is given by (11).

The last three rows of Table 2 report estimated bounds on the average compensated

elasticity for all top-earners under three different values of ϵmax. Figure C.4 in Appendix

C shows that fewer than ten percent of the studies considered in the meta-analysis

conducted by Neisser (2021) find elasticities above 1. Fewer than 25% find elasticities

above 1 for the self-employed and elasticities in Nordic countries tend to be much

smaller than in other countries. This suggests that even our most aggressive choice
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of ϵmax = 1 is conservative.11 This choice produces a narrow and tightly estimated

bound on average compensated elasticities of [0.064, 0.073]. Taking ϵmax = 1.5, which

is slightly above the largest estimate for the self-employed reported by Neisser (2021),

produces bounds that are only marginally wider. Even taking ϵmax = 3 produces an

informative upper bound of 0.092.

6 Heterogeneous income and substitution effects

In this section, we allow η to be a random variable, so that both compensated elasticities

and income effects are heterogeneous. This means that instead of Condition D, we

take F† = F . We focus on identification of the means of η, ϵ, and ϵu = ϵ + η, both

unconditional and conditional on bunching status. We continue to maintain Condition

T, which we relax in the next section.

6.1 Testable implications

The following proposition shows that the sharp testable implications when F† = F
are similar to those derived in Proposition 4 under Condition D. The difference is that

instead of taking η to be the value specified in Condition D, we take it to be as large

(in magnitude) as it can be by setting η = −1.

Proposition 7. Maintain Condition T and F† = F . The model is not misspecified if

and only if P[ζ(y0;−1) ≤ y] ≤ G1(y) for all y ≥ ȳ.

Proposition 7 follows from the observation that the ZER, ζ(y0; η) ≡ y0 − ηπ(y0),

is a decreasing function of η. This implies that the stochastic dominance condition

given in Proposition 4 for homogeneous income effects is weakest when η = −1. If that

dominance condition is satisfied with η = −1, then the model with homogeneous income

effects set to η = −1 is not misspecified, implying that a model with heterogeneous

income effects also cannot be misspecified. Conversely, if a model with heterogeneous

income effects is not misspecified, then we know that its ZER—which is random due

to both y0 and η—still cannot be larger than when η = −1 deterministically.

In our application, we found strong evidence that the model with heterogeneous

elasticities but no income effects (η = 0) was not misspecified (Appendix Figure C.3).

We conclude that the less restrictive model with heterogeneous income effects is also

not misspecified.

11This choice is also well above the estimated lower bound (p5-lb-b1) of 0.039. Note also that ϵmax is
a bound on the average compensated elasticity of ϵ for bunchers, so it still allows some bunchers to have
ϵ > ϵmax.
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6.2 Income effects

Proposition 7 implies that if the model is not misspecified, then a distribution of η that

is degenerate at η = −1 is consistent with the data. As a consequence, the sharp lower

bound on the expectation of η is −1. Because ζ(y0; η) is increasing in η, there is also a

maximal value of η under which the deterministic dominance condition in Proposition

4 is satisfied. We denote this value as

η̄ ≡ max {η ∈ [−1, 0] : P[ζ(y0; η) ≤ y] ≤ G1(y) for all y ≥ ȳ} ,

which is well-defined as long as the model with heterogeneous η is not misspecified

(Proposition 7). It follows that any distribution of η supported on [−1, η̄] is consistent

with the data, which implies that the sharp identified set for average income effects

must contain [−1, η̄].

Proposition 8. Maintain Condition T and F† = F . Suppose that the model is not

misspecified. Then the sharp identified sets for E[η], E[η|B = 0], and E[η|B = 1]

contain [−1, η̄]. In particular, the sharp lower bound is always −1.

In our application, we did not reject the model with ϵ heterogeneous and η = 0.

This means that η̄ = 0. Because η must be non-positive, we conclude that the sharp

identified set for the distribution of income effects is completely uninformative, at least

in our application.

6.3 Compensated elasticities

Allowing for heterogeneous income effects changes the conclusions we can draw about

compensated elasticities. This is because there is a trade-off between income and

substitution effects: larger values of ϵ produce larger virtual earnings responses, while

smaller (more negative) values of η produce smaller virtual earnings responses. The

implication for identification is that larger compensated elasticities can be rationalized

by stronger income effects. However, the adding-up condition represented by Engel

aggregation places a limit on the extent to which income effects can rationalize larger

compensated elasticities. The following proposition characterizes those limits.

Proposition 9. Maintain Condition T and set F† = F . The following bounds are
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valid:

E[ϵ] ≥ 1

τ
(E[y0]− E[y1]) (p9-lb)

E[ϵ|B = 1] ≥ 1

τ
(E[y0|y0 ≤ q0(p̄)]− ȳ) (p9-lb-b1)

E[ϵ|B = 0] ≥ 1

τ
(E[y0|y0 ≤ q0(1− p̄)]− E[y1|y1 > ȳ]) , (p9-lb-b0)

and E[ϵ|B = 0] ≤ 1

τ
(E [ζ(y0;−1)|y0 > q0(p̄)]− E[y1|y1 > ȳ]) . (p9-ub-b0)

If the model is not misspecified, then (p9-ub-b0) is sharp and the sharp upper bounds

on E[ϵ] and E[ϵ|B = 1] are infinite. The bounds (p9-lb) and (p9-lb-b1) are sharp if

η̄ = 0.

The first three rows of Table 3 report estimates of the bounds in Proposition 9 in

our application. The lower bounds on the compensated elasticity are the same as they

were under the assumption of no income effects (Table 2). Note that while the lower

bound for the non-bunchers is not sharp in general, the sharp bound must be weakly

smaller than the lower bound (p5-lb-b0) in Proposition 5 derived for deterministic η.

The latter was zero in our application, so we conclude that the sharp lower bound for

the non-bunchers under heterogeneous income effects is also zero. The upper bound

for the non-bunchers increases considerably from 0.064 without income effects to 0.361

with heterogeneous income effects. This upper bound is sizable compared to other

estimates from Nordic countries, although still relatively small among estimates for

the self-employed (see Figure C.4).

6.4 Uncompensated elasticities

Adding η to both sides of (ce) gives an expression for the uncompensated elasticity:

ϵu = ϵ+ η =
1

τ
(ζ(v0; η) + τη − v1) ≡

1

τ
(ζu(v0; η)− v1). (ue)

Whereas ζ(v0; η) is a decreasing function of η, its uncompensated counterpart, ζu(v0; η),

is a strictly increasing function of η. This follows from Proposition 1 because ζu(v0; η) ≡
v0 + η(τ − π(v0)) and π(v0) < τ . Accounting for this difference and applying an argu-

ment similar to Propositions 5 and 9 leads to the following bounds.

Proposition 10. Maintain Condition T and set F† = F . The following bounds are
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valid:

E[ϵu] ≥ 1

τ
(E[ζ(y0;−1)]− τ − E[y1]) (p10-lb)

E[ϵu|B = 1] ≥ 1

τ
(E[ζ(y0;−1)|y0 ≤ q0(p̄)]− τ − ȳ) (p10-lb-b1)

E[ϵu|B = 0] ≥ 1

τ

(∫
ζ(y;−1) dG(y)− τ − E[y1|y1 > ȳ]

)
(p10-lb-b0)

where G(y) ≡ min
{
G0(y)/(1− p̄), G1|0(ζ(y;−1))

}
,

and E[ϵu|B = 0] ≤ 1

τ
(E [y0|y0 > q0(p̄)]− E[y1|y1 > ȳ]) . (p10-ub-b0)

If the model is not misspecified, then (p10-lb) and (p10-lb-b1) are sharp, while the

sharp upper bounds on E[ϵu] and E[ϵu|B = 1] are infinite. If the single-crossing

condition in Proposition 5 is satisfied, then (p10-lb-b0) is sharp. If η̄ = 0, then

(p10-ub-b0) is also sharp.

In Appendix SA.4, we extend Proposition 10 to characterize the sharp lower bound on

E[ϵu|B = 0] when the single-crossing condition is relaxed.

The first three rows of Table 3 report estimated bounds on uncompensated elastic-

ities. These are estimates of the sharp bounds because in our data the single-crossing

condition is satisfied and η̄ = 0. The upper bound on the average uncompensated

elasticity among non-bunchers is positive, but small. By contrast, the most informa-

tive lower bound is −0.642 on the overall average, E[ϵu], with subgroup lower bounds

being less informative. While relatively wide, these bounds are sharp, so it is not possi-

ble to obtain stronger conclusions about uncompensated elasticities without imposing

stronger assumptions.

6.5 Prior bounds

In Section 5.3, we disciplined the extreme upper bounds on compensated elasticities

with a prior bound for the bunchers, represented as Condition DB. The following

proposition extends those results to the case with heterogeneous income effects while

also allowing for a prior lower bound on income effects.

Condition B. (Bounded elasticities) F† is the subset of F under which (i) EF [ϵ|B =

1] ≤ ϵmax, where ϵmax is a known constant and (ii) EF [η|v0, B = b] ≥ ηmin for b = 0, 1

and almost every v0, where ηmin ∈ [−1, 0] is a known constant.
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Proposition 11. Maintain Conditions T and B. The following bounds are valid:

E[ϵ] ≥ 1

τ
(E[y0]− E[y1]) (p11-lb-ϵ)

E[ϵu] ≥ 1

τ
(E[ζ(y0; ηmin)] + τηmin − E[y1]) (p11-lb-ϵu)

E[ϵ] ≤ ϵmaxp̄+
1

τ
(E[ζ(y0; ηmin)|y0 ≥ q0(p̄)]− E[y1|y1 > ȳ]) (1− p̄) (p11-ub-ϵ)

E[ϵu] ≤ ϵmaxp̄+
1

τ
(E[y0|y0 ≥ q0(p̄)]− E[y1|y1 > ȳ]) (1− p̄). (p11-ub-ϵu)

Let ϵ(η) ≡ τ−1(E[ζ(y0; η)|y0 ≤ q0(p̄)]− ȳ) be the lower bound (p5-lb-b1). If the model

is not misspecified, then:

• (p11-lb-ϵ) is sharp if η̄ = 0.

• (p11-lb-ϵu) is sharp if η̄ ≥ ηmin and ϵmax ≥ ϵ(ηmin).

• (p11-ub-ϵ) is sharp if η̄ ≥ ηmin and ϵmax ≥ ϵ(ηmin).

• (p11-ub-ϵu) is sharp if η̄ = 0.

Table 3 also reports sharp bounds on compensated and uncompensated elasticities

under various prior bounds.12 Imposing even a conservative upper bound of ϵmax = 3

leads to informative upper bounds for the overall average of both the compensated and

uncompensated elasticity among top-earners. More aggressive choices do not tighten

these upper bounds by much. However, adding a lower bound on average income ef-

fects provides considerable additional information.13 For example, if ϵmax = 1 and we

allow for large income effects by setting ηmin = −0.3, then average compensated elas-

ticities are bounded between 0.064 and 0.160. The bounds on average uncompensated

elasticities tighten to [−0.148, 0.073], suggesting that uncompensated elasticities are

close to zero, consistent with the macro trends in hours worked reported in Boppart

and Krusell (2020).

7 Interior brackets and partially observed distributions

In this section, we extend our analysis to interior tax brackets, as in Saez’s (2010)

application to the Earned Income Tax Credit (EITC). The extension can also be used

to derive bounds for top brackets when using less of the earnings distribution. Both

12The conditions for sharpness in Proposition 11 ensure that ϵmax and ηmin do not render the model
misspecified, the same as for Proposition 6. These conditions are easily met in our application. We find
strong evidence that η̄ = 0, as previously noted. With ηmin = −0.5, the lower bound of (p5-lb-b1) is 0.080,
well below ϵmax = 1, which is the most aggressive choice that we consider.

13The bounds still allow some individuals to have η < ηmin as long as the conditional average of η is larger
than ηmin.
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Table 3: Elasticities with heterogeneity and income effects

Compensated elasticity Uncompensated elasticity

ηMIN ϵMAX Estimate 95% CI Estimate 95% CI

Bunchers -1 ∞ [0.039,∞] (0.039,∞) [−0.932,∞] (−0.932,∞)

Non-bunchers -1 ∞ [0.000, 0.361] (0.000, 0.361) [−0.852, 0.064] (−0.852, 0.064)

All -1 ∞ [0.064,∞] (0.063,∞) [−0.642,∞] (−0.642,∞)

-1 3 [0.064, 0.386] (0.063, 0.386) [−0.642, 0.092] (−0.642, 0.092)

-1 1.5 [0.064, 0.372] (0.063, 0.372) [−0.642, 0.078] (−0.642, 0.078)

-1 1 [0.064, 0.367] (0.063, 0.367) [−0.642, 0.073] (−0.642, 0.073)

-0.5 3 [0.064, 0.239] (0.063, 0.239) [−0.289, 0.092] (−0.289, 0.092)

-0.5 1.5 [0.064, 0.225] (0.063, 0.225) [−0.289, 0.078] (−0.289, 0.078)

-0.5 1 [0.064, 0.220] (0.063, 0.220) [−0.289, 0.073] (−0.289, 0.073)

-0.3 3 [0.064, 0.180] (0.063, 0.180) [−0.148, 0.092] (−0.148, 0.092)

-0.3 1.5 [0.064, 0.166] (0.063, 0.166) [−0.148, 0.078] (−0.148, 0.078)

-0.3 1 [0.064, 0.161] (0.063, 0.161) [−0.148, 0.073] (−0.148, 0.073)

-0.1 3 [0.064, 0.121] (0.063, 0.122) [−0.007, 0.092] (−0.007, 0.092)

-0.1 1.5 [0.064, 0.107] (0.063, 0.107) [−0.007, 0.078] (−0.007, 0.078)

-0.1 1 [0.064, 0.102] (0.063, 0.103) [−0.007, 0.073] (−0.007, 0.073)

Notes: This table shows estimates of the sharp bounds for average compensated and uncompensated elasticities
for bunchers, non-bunchers, and all top-earners when allowing for heterogeneous income and substitution
effects under different choices of ηmin and ϵmax. Confidence intervals are constructed using the method of
Imbens and Manski (2004) with the bootstrap to account for estimating the pre-kink distribution.

applications of this analysis amount to replacing Condition T to allow for some finite

choices of ¯̄y0 and ¯̄y1 in the definition of (id).

7.1 Interior brackets

We again consider a comparison between two tax systems, both of which have a bracket

starting at Ȳ . In system 1, the bracket has marginal tax rate t1 and ends at ¯̄Y1. In

system 0, the bracket has marginal tax rate t0 < t1 and ends at ¯̄Y0. Below Ȳ , the two

tax systems are the same, with a marginal tax rate weakly smaller than t0. Above
¯̄Y0
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Figure 3: Illustration of interior bracket reforms

(a) Convex

Ȳ ¯̄Y 0
¯̄Y 1

Y

C

(b) Non-convex

Ȳ ¯̄Y 0
¯̄Y 1

Y

C

Notes: The system 0 budget set is shown in red and the system 1 budget set is shown in blue. The budget
sets overlap to the left of Ȳ . The bracket starting at Ȳ under system d has marginal tax rate td and ends at
¯̄Yd. Above ¯̄Yd, the tax systems can be convex (panel a) or non-convex (panel b), as long as the tax function

is weakly larger than with the virtual linear tax system through [Ȳ , ¯̄Yd] (depicted with the dotted lines).

and ¯̄Y1, the two tax systems could be either convex or non-convex, as long as the tax

function is weakly larger than under the virtual linear tax systems through [Ȳ , ¯̄Y0] and

[Ȳ , ¯̄Y1]. This restriction ensures that the actual budget set for either system is a subset

of the budget set under its virtual system.

Figure 3 illustrates both a convex and non-convex case. The convex case is a

standard interior bracket in a progressive tax system. The non-convex case is similar to

the EITC application studied by Saez (2010) in which transfers increase until Ȳ , remain

constant until ¯̄Y1, and then phase out. A third case covered by these assumptions is a

top bracket in which ¯̄Y0 and ¯̄Y1 are thresholds beyond which the researcher is unwilling

to extrapolate; for this case, the tax functions above ¯̄Y0 and ¯̄Y1 are just equal to the

respective virtual linear tax systems.

A hypothetical switch between systems 0 and 1 produces similar behavioral changes

as in the top bracket case. Individuals with earnings at or below Ȳ in system 0 will stay

there, because their original bundle remains available under system 1. With convex

preferences, no individual with earnings Y0 > Ȳ will relocate below Ȳ .

The behavior of the other individuals—those with Y0 > Ȳ—can be partially charac-
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terized by their virtual earnings V0 and V1 under the virtual linear tax systems through

[Ȳ , ¯̄Yd]. Those with Vd ∈ (Ȳ , ¯̄Yd) will choose Yd = Vd, because preferences are strictly

convex and we have assumed that the virtual tax systems are more generous than the

actual tax systems above ¯̄Yd.
14 While we restrict focus to those strictly above the kink

under system 0 (Y0 > Ȳ ), some of these individuals may have V1 ≤ Ȳ , so they will

choose to bunch at Ȳ under system 1, again following Hall’s (1973) argument. Under

either system, those with Yd ≥ ¯̄Yd must also have Vd ≥ ¯̄Yd, because of convex prefer-

ences and our assumption that the virtual linear tax system is weakly more attractive

at all earnings levels than the actual tax system.

These observations mean that we observe virtual earnings choices as actual earnings

choices for Y0 ∈ (Ȳ , ¯̄Y0) and Y1 ∈ (Ȳ , ¯̄Y1). We also know that V1 ≤ Ȳ for the bunchers

under system 1, who have Y1 = Ȳ . From Proposition 1, we still know that V1 and V0 are

related (in logs) through the equation (ve). The implication is that the distributions of

Y0 and Y1 between (Ȳ , ¯̄Y0) and [Ȳ , ¯̄Y1) can still be used to learn about the distributions

of V0 and V1. Combining this knowledge with (ve) provides partial identification of

features of the distribution of ϵ and η.

7.2 The distributions of earnings

We assume that the researcher continues to know the distribution G0(y) of y0, which

we continue to view as the distribution of y0 conditional on y0 > ȳ. Previously, we

had defined G1(y) to be the distribution of y1 conditional on y1 ≥ ȳ, which in the

top bracket case was the same conditioning event as y0 > ȳ. The interior bracket case

creates a distinction between these two conditioning events: in the case that there is

a kink at ȳ under system 0, some of those with y1 = ȳ could have also had y0 = ȳ; see

Figure 3. Because of this distinction, we now define G1(y) to be the distribution of y1

conditional on y0 > ȳ, instead of conditional on y1 ≥ ȳ.

Redefining G1 in this way means that it now depends on the joint distribution of

y0 and y1. However, it is still identified because y0 > ȳ implies that y1 ≥ ȳ and y0 = ȳ

14If it were the case that Vd > ¯̄Yd, then strictly convex preferences would imply that there exists another
point on the segment connecting Yd and Vd that is both feasible under the actual tax system and strictly
preferred to Yd, creating a contradiction.
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implies that y1 = ȳ:

G1(y) ≡
P[y1 ≤ y, y0 > ȳ]

P[y0 > ȳ]

=
P[ȳ ≤ y1 ≤ y]− P[y0 ≤ ȳ, ȳ ≤ y1 ≤ y]

P[y0 > ȳ]

=
P[ȳ ≤ y1 ≤ y]− P[y0 = ȳ, y1 = ȳ]

P[y0 > ȳ]
=

P[ȳ ≤ y1 ≤ y]− P[y0 = ȳ]

P[y0 > ȳ]
. (12)

The final expression depends only on the marginal distributions of y0 and y1, implying

that G1(y) is point identified. Note that (12) reduces back to G1(y) = P[y1 ≤ y|y1 ≥ ȳ]

in the top bracket case where P[y0 = ȳ] = 0 and P[y0 > ȳ] = P[y1 ≥ ȳ]. Going forward,

all probabilities and expectations should still be interpreted as conditional on y0 > ȳ,

which we continue to leave implicit in the notation.

We continue to assume that G0 and G1 are strictly increasing and absolutely con-

tinuous on (ȳ, ¯̄y0) and (ȳ, ¯̄y1), noting that G1 could still have a mass point at y = ȳ,

which we continue to denote as p̄ ≡ G1(ȳ). We will not make use of these distributions

at or above their upper thresholds, ¯̄yd, but there could be mass points at that location

as well if there is bunching behavior above the upper threshold, as would be expected

for example in Figure 3a. Note that after forming G1 through (12), one can directly

apply our identification results for the homogeneous case (Propositions 2 and 3) using

quantiles that lie in y0 ∈ (ȳ, ¯̄y0) for system 0 and in y1 ∈ [ȳ, ¯̄y1) for system 1.15

7.3 Testable implications

As before, we first determine when the model is misspecified. The following proposition

shows that the sharp testable implications are similar to those derived in Proposition

7, but on a restricted range of earnings.

Proposition 12. The model is not misspecified if and only if P[ζ(y0;−1) ≤ y] ≤ G1(y)

for all y such that ȳ < y < min{ζ(¯̄y0;−1), ¯̄y1}.

The intuition behind Proposition 12 is essentially the same as the intuition behind

Proposition 7. The domination condition is the same, but now only involves a compar-

ison on a restricted range of earnings that respects the upper thresholds. Showing that

satisfaction of the domination condition on this restricted set implies that F⋆ is non-

empty requires an additional step of extrapolating the distributions of virtual earnings;

see Lemma VX in Appendix SA.3. A result analogous to Proposition 12 holds under

Condition D, just with η = −1 replaced by the assumed-to-be-known value of η.

15This requires the weak additional condition that ¯̄y0 > q0(p̄), so that the amount of mass at ȳ under
system 1 is smaller than the amount of mass between (ȳ, ¯̄y0) in system 0.
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7.4 Bounds

We focus on characterizing bounds for a target subpopulation with system 0 virtual

earnings v0 ∈ (ȳ, y⋆0] ≡ Y⋆
0 , where y⋆0 is chosen by the researcher. Let E⋆[·] ≡ E[·|v0 ∈

Y⋆
0 ] be the expectation operator conditional on the target range.

We impose three restrictions on the researcher’s choice of y⋆0. First, we require

y⋆0 < ¯̄y0, so that v0 is observed as y0 for the target subpopulation. Second, we require

y⋆0 > q0(p̄), so that the target subpopulation contains more mass than the bunching

mass. Third, we require ζ(y⋆0;−1) < ¯̄y1, so that the largest value of v1 attainable by a

member of the target population is smaller than the upper limit of system 1 data that

we use.

As in the top bracket case, we will maintain a prior upper bound of ϵmax on the

average elasticity for the bunchers, now restricted to the target subpopulation. We

also maintain a prior lower bound on income effects.

Condition B⋆. (Bounded elasticities) F† is the subset of F under which (i)

E⋆
F [ϵ|B = 1] ≤ ϵmax, where ϵmax is a known constant that satisfies ϵmax ≥ ϵ⋆ ≡

(ζ(q0(p̄);−1) − ȳ)/τ , and (ii) EF [η|v0, B = b] ≥ ηmin for b = 0, 1 and almost every

v0 ∈ Y⋆
0 , where ηmin ∈ [−1, 0] is a known constant.

Condition B⋆ requires that ϵmax is larger than ϵ⋆, which is the value of ϵ that would be

point identified with homogeneous elasticities and η = −1; see (3) in Proposition 2. In

this case, the marginal buncher—and therefore all bunchers—would have compensated

elasticity ϵ⋆. Requiring ϵmax ≥ ϵ⋆ is needed to not assume away the homogeneous case

a priori. In our application, ϵ⋆ = 0.11, which is well below any reasonable prior bound

ϵmax that one would want to choose.

Bounds for the interior bracket case follow the same logic as the top bracket case,

but with one important complication. In the top bracket case, objects involving the

unconditional distribution of y1, such as p̄ and E[y1], were identified from the observed

system 1 distribution. In the interior bracket case, we need to focus on the subpopula-

tion with v0 ∈ Y⋆
0 in order to exploit the model’s implied relationship between v1 and

v0. However, the distribution of y1 conditional on v0 ∈ Y⋆
0 is not observed.

The next proposition gets around this problem by using a nested argument. First,

we derive bounds that are conditional on the target buncher share p̄⋆ ≡ P[v1 ≤ ȳ|ȳ <

v0 ≤ y⋆0]. Second, we bound the target buncher share, p̄⋆. Then, we combine both

bounds.

Proposition 13. Maintain Condition B⋆. Let y⋆1 ≡ ζ(y⋆0;−1). Let p⋆d ≡ Gd(y
⋆
d) for

30



d = 0, 1. Then define ql1 ≡ q1(p
⋆
1−p⋆0) and qu1 ≡ q1(p

⋆
0). The following bounds are valid:

E⋆[ϵ] ≥ 1

τ
(E[y0|y0 ≤ y⋆0]− E[y1|ql1 < y1 ≤ y⋆1]) (p13-lb-ϵ)

E⋆[ϵu] ≥ 1

τ
(E[ζ(y0; ηmin)|y0 ≤ y⋆0] + τηmin − E[y1|ql1 < y1 ≤ y⋆1]) (p13-lb-ϵu)

E⋆[ϵ] ≤ p̄ϵmax
p⋆0

+
1

τ

(
E[ζ(y0; ηmin)|q0(p̄) ≤ y0 ≤ y⋆0]− E[y1|ȳ < y1 ≤ qu1 ]

)(
p⋆0 − p̄

p⋆0

)
(p13-ub-ϵ)

E⋆[ϵu] ≤ p̄ϵmax
p⋆0

+
1

τ

(
E[y0|q0(p̄) ≤ y0 ≤ y⋆0]− E[y1|ȳ < y1 ≤ qu1 ]

)(
p⋆0 − p̄

p⋆0

)
.

(p13-ub-ϵu)

Define η̄⋆ as

η̄⋆ ≡ max {η ∈ [−1, 0] : P[ζ(y0; η) ≤ y] ≤ G1(y) for all y ∈ (ȳ,min{ζ(¯̄y0;−1), ¯̄y1})} ,

and assume that the model is not misspecified, so that η̄⋆ ≥ −1 is well-defined. Then

(p13-ub-ϵ) is sharp if η̄⋆ ≥ ηmin, and (p13-ub-ϵu) is sharp if η̄⋆ = 0.

If Condition D is maintained, so that η is deterministic, then the same bounds are

valid with the following changes: replace y⋆1 by ζ(y⋆0; η), replace conditional expectations

of ζ(y0; η) with conditional expectations of y0 (keeping the conditioning event the

same), and replace conditional expectations of ζ(y0; ηmin) with ζ(y0; η) (keeping the

conditioning event the same). The resulting upper bounds are sharp if the model

is not misspecified, the condition for which is given in Proposition 12 with η = −1

replaced by η.

Proposition 13 provides upper bounds on the average compensated and uncompen-

sated elasticities for the target subpopulation with y0 ∈ Y⋆
0 . The bounds are sharp

given knowledge of the distributions of y0 and y1 up to ¯̄y0 and ¯̄y1, even though they

only use these distributions up to y⋆0 < ¯̄y0 and y⋆1 < ¯̄y1. The upper bounds are obtained

when the entirety of the p̄ mass of bunchers corresponds to the left p̄ tail of the dis-

tribution of y0. The remaining individuals in the target population are non-bunchers

whose virtual earnings v1 are distributed as the left tail of y1 above the kink.

The lower bounds in the propositions are potentially non-sharp. In Appendix SA.5,

we develop a computational approach that approximately computes the sharp bounds

by discretizing the distribution of (ϵ, η). This allows us to assess the extent to which the

analytic bounds are non-sharp. The approach could also prove useful when considering

additional assumptions beyond those considered explicitly in this paper.
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Table 4: Elasticities for top-earners with less data allowing for heterogeneity

Compensated elasticity Uncompensated elasticity

ηMIN ϵMAX Estimate 95% CI Estimate 95% CI

0 3 [0.000, 0.356] (0.000, 0.358)

0 1.5 [0.000, 0.213] (0.000, 0.214)

0 1 [0.000, 0.166] (0.000, 0.166)

-1 3 [0.000, 0.402] (0.000, 0.404) [−1.000, 0.356] (−1.000, 0.358)

-1 1.5 [0.000, 0.260] (0.000, 0.260) [−1.000, 0.213] (−1.000, 0.214)

-1 1 [0.000, 0.212] (0.000, 0.213) [−1.000, 0.166] (−1.000, 0.166)

-0.5 3 [0.000, 0.379] (0.000, 0.381) [−0.500, 0.356] (−0.500, 0.358)

-0.5 1.5 [0.000, 0.236] (0.000, 0.237) [−0.500, 0.213] (−0.500, 0.214)

-0.5 1 [0.000, 0.189] (0.000, 0.190) [−0.500, 0.166] (−0.500, 0.166)

-0.3 3 [0.000, 0.370] (0.000, 0.372) [−0.300, 0.356] (−0.300, 0.358)

-0.3 1.5 [0.000, 0.227] (0.000, 0.228) [−0.300, 0.213] (−0.300, 0.214)

-0.3 1 [0.000, 0.180] (0.000, 0.180) [−0.300, 0.166] (−0.300, 0.166)

-0.1 3 [0.000, 0.361] (0.000, 0.362) [−0.100, 0.356] (−0.100, 0.358)

-0.1 1.5 [0.000, 0.218] (0.000, 0.219) [−0.100, 0.213] (−0.100, 0.214)

-0.1 1 [0.000, 0.170] (0.000, 0.171) [−0.100, 0.166] (−0.100, 0.166)

Notes: This table reports bounds on average compensated and uncompensated elasticities for top-earners
with y0 below the 10th quantile when using knowledge of the distribution of y0 only up until that quantile and
using full knowledge of the distribution of y1. The first three rows assume no income effects and vary ϵmax
for the upper bound for the average compensated elasticity of bunchers with y0 below the 10th quantile. The
remaining rows allow for income effects by also varying ηmin. Confidence intervals are constructed using the
method of Imbens and Manski (2004) with the bootstrap to account for estimating the pre-kink distribution.

8 Estimates using less data

Proposition 13 allows us to compute bounds for our top bracket application that use

less of the earnings distribution, mitigating concerns about extrapolation. Table 4

reports estimates of these bounds with ¯̄y0 ≡ q0(.10) set to be the 10th quantile of the

system 0 earnings distribution and y⋆0 = ¯̄y0. In our application, all of G1 is observed,

so we do not need to choose ¯̄y1. As Proposition 13 shows, the bounds do not use the
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distribution of G1 beyond ζ(¯̄y0;−1). Table C.1 reports alternative bounds that set

¯̄y0 = q0(.05) and ¯̄y0 = q0(.20).

The first three rows of Table 4 show results for different values of ϵmax under the

assumption of no income effects (ηmin = 0). Imposing even a conservative upper bound

of ϵmax = 3 leads to an informative upper bound of 0.356 for the compensated elastic-

ity. When ϵmax = 1, the upper bound decreases to 0.166, meaning that compensated

elasticities are at most moderate. The upper bound is more sensitive to the choice

of ϵmax than in Table 3, which used the entire earnings distribution. This is because

the bunchers—the group whose elasticities are disciplined by ϵmax—constitute a larger

share of the target subpopulation when using less data.

The next three rows of Table 4 show results for the same values of ϵmax when

allowing for arbitrary income effects. The upper bounds on the compensated elasticities

change only marginally compared to the case with no income effects. The reason is

that the tax reform cannot induce large changes in average tax rates for the target

subpopulation because they have system 0 earnings that are closer to the kink. This

implies that income effects can account for no more than a small share of the virtual

earnings response. This intuition also explains why imposing other choices of ηmin in

the remaining rows of Table 4 also has little impact on the bounds.

Proposition 13 shows that the upper bounds in Table 4 are sharp, which means that

it is not possible to obtain stronger conclusions given the maintained assumptions. The

lower bounds, which are zero throughout, may not be sharp. In Appendix SA.5 we

report the results from our computational procedure, which delivers the sharp lower

bounds up to approximation error caused by discretization. These sharp lower bounds

are also zero, suggesting that the reported analytic bounds are sharp as well.

9 Conclusion

We have shown how to point and partially identify labor supply elasticities from kinked

budget sets in a model with income effects and individual heterogeneity in the elastic-

ities. We applied our identification results to a kink in the Norwegian tax system for

the self-employed. We found that even under weak assumptions, the bounds are quite

informative: the uncompensated elasticities are close to zero, and the compensated

elasticities are sufficiently small to rule out a sizable excess burden of taxation. While

our paper is focused on labor supply elasticities and taxation, it is straightforward

to adapt our identification results to other settings with kinked budget sets, such as

firm profits (Best et al., 2015), intertemporal savings decisions (Best et al., 2019), and

inheritance and gift giving (Glogowsky, 2021).
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A Estimating counterfactual earnings distributions

In this appendix, we formalize the assumptions used by Chetty et al. (2011) to recover

the earnings distribution under tax system 0 from the observed earnings distribution

under tax system 1.16 We first establish the general identification result and then

describe our estimation procedure.

A.1 Identification

Let Gu
1 denote the unconditional cumulative distribution of observed earnings (under

the kinked tax system) Y1, and Gu
0 the unconditional counterfactual cumulative distri-

bution function of Y0. (These definitions are in contrast to G0 and G1 in the main text,

which are conditional on y0 > ȳ.) The following proposition formalizes the assumption

used by Chetty et al. (2011) and shows how to use it to recover Gu
0 .

Proposition A.14. Suppose that Gu
0 is continuous at Ȳ and satisfies

Gu
0(z) =

Gu
1(z), if z < Ȳ

β0 + β1G
u
1(z) if z ≥ Ȳ .

(13)

Let p̄u ≡ Gu
1(Ȳ )− limz↑Ȳ Gu

1(z). Then

β0 =
−p̄u

1−Gu
1(Ȳ )

and β1 =
1− limz↑Ȳ Gu

1(z)

1−Gu
1(Ȳ )

. (14)

Proof of Proposition A.14. Because limz→∞Gu
0(z) = 1, we must have β0+β1 = 1.

Using the continuity of Gu
0 at Ȳ then gives

0 = Gu
0(Ȳ )− lim

z↑Ȳ
Gu

0(z) = β0 + (1− β0)G
u
1(Ȳ )− lim

z↑Ȳ
Gu

1(z) = β0(1−Gu
1(Ȳ )) + p̄u.

Rearranging provides the stated expression for β0. The expression for β1 then follows:

β1 = 1−
(

−p̄u

1−Gu
1(Ȳ )

)
=

1−Gu
1(Ȳ ) + p̄u

1−Gu
1(Ȳ )

=
1− limz↑Ȳ Gu

1(z)

1−Gu
1(Ȳ )

.

q.e.d.

The assumption in equation (13) implies and is implied by equation (15) in Chetty et al.

16Other approaches to recover the counterfactual distribution have also been considered. For example, Saez
(2010) recovers G0 by assuming the counterfactual density above the kink is uniform. Bertanha et al. (2023)
uses maximum likelihood-based estimators to jointly estimate labor supply elasticities and counterfactual
earnings under restricted heterogeneity of elasticities (see also Bertanha et al., 2024).
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(2011), which states that for Y > Ȳ , the density under tax system 0 is proportional to

the density under tax system 1.

A.2 Estimation

We estimate Gu
0 and Gu

1 using Proposition A.14 and an i.i.d. sample Y1, . . . , Yn from Gu
1 .

In the data, bunchers do not appear exactly at Ȳ . Instead, the excess mass is dispersed

over a small region near the kink. Following Chetty et al. (2011) and Bertanha et al.

(2023), we exclude earnings in a region [Ȳ − κin, Ȳ + κin] around the kink to avoid

contamination from bunchers.

To estimate the distributions in the excluded region, we follow Chetty et al. (2011)

and approximateGu
0 by aKth degree polynomial on a wider window [Ȳ −κout, Ȳ +κout]

with κout > κin:

Gu
0(z) =

K∑
k=0

γk
(
z − Ȳ

)k
. (15)

Combining (15) with (13) implies that limz↑Ȳ Gu
1(z) = Gu

0(Ȳ ) = γ0. From the conclu-

sion of Proposition A.14 we then get

Gu
1(z; γ, p̄

u) =


∑K

k=0 γk
(
z − Ȳ

)k
if Ȳ − κout ≤ z < Ȳ ,

p̄u

1−γ0
+ 1−γ0−p̄u

1−γ0

(∑K
k=0 γk

(
z − Ȳ

)k)
if Ȳ ≤ z ≤ Ȳ + κout,

where we’ve made the dependence on the parameters (γ, p̄u) explicit in the notation.

We estimate (γ, p̄u) using nonlinear least squares with the regressand taken as the rank

of each observation. In doing so, we only use data near the kink but exclude a donut

in the region that defines the bunchers:

(γ̂, ˆ̄pu) ≡ argmin
γ,p̄u

n∑
i=1

1
[
Yi ∈ [Ȳ − κout, Ȳ − κin) ∪ (Ȳ + κin, Ȳ + κout]

]

×

 1

n

 n∑
j=1

1[Yj ≤ Yi]

−Gu
1(Yi; γ, p̄

u)

2

.

(16)

The resulting estimators of Gu
1 and Gu

0 for z ∈ [Ȳ − κout, Ȳ + κout] are then

Ĝu
1(z) = Gu

1(z; γ̂, ˆ̄p
u) and Ĝu

0(z) =

K∑
k=0

γ̂k
(
z − Ȳ

)k
.
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We estimate Gu
1 away from the kink using a more flexible local linear regression:

(θ̂0(z), θ̂1(z)) ≡ argmin
θ0,θ1

n∑
i=1

1
[
Yi /∈ [Ȳ − κout, Ȳ + κout]

]
(17)

×K
(
Yi − z

h

)
×

 1

n

 n∑
j=1

1[Yj ≤ Yi]

− θ0 − θ1Yi

2

,

where K is a kernel function and h is the bandwidth. Then we take

Ĝu
1(z) = θ̂0(z) + θ̂1(z)× z.

We use Proposition A.14 to form an estimator for Gu
0 :

Ĝu
0(z) =

− ˆ̄pu

1− γ̂0 − ˆ̄pu
+

1− γ̂0
1− γ̂0 − ˆ̄pu

(
θ̂0(z) + θ̂1(z)× z

)
, (18)

where γ̂0 and ˆ̄pu were obtained from (16).

A.3 Implementation

In our application, we follow Chetty et al. (2011) and take K = 8, so that the coun-

terfactual density ĝu0 follows a 7th-degree polynomial. We set κin = 30,000 NOK and

κout = 100,000 NOK. The density ĝu0 within this window is shown in Figure 2. To

obtain the distributions for z > Ȳ + κout, we estimate (17) using an Epanechnikov

kernel with the rule-of-thumb bandwidth. We conduct inference by bootstrapping the

entire estimation procedure, resampling Y1, . . . , Yn with replacement.

B Proofs for Sections 2 and 3

Proof of Proposition 1. We start by showing how the parameters of the earnings

function relate to income and substitution effects. Differentiation of the earnings func-

tion (ef) with respect to 1− t yields

1

Y ⋆(1− t, R)

∂Y ⋆(1− t, R)

∂(1− t)
=

βt
1− t

.

Rearranging gives the uncompensated elasticity:

ϵu ≡ ∂Y ⋆(1− t, R)

∂(1− t)

1− t

Y ⋆(1− t, R)
= βt,
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which we note is independent of both t and R, so applies to both system 0 and system 1.

Let V0 ≡ Y ⋆(1− t0, R0) and V1 ≡ Y ⋆(1− t1, R1), so that v0 ≡ log(V0) and v1 ≡ log(V1).

Then

v1 − v0 = −ϵuτ + βR(ϕ(R1)− ϕ(R0)), (19)

with τ ≡ log(1− t0)− log(1− t1). An expression for η can be found by differentiating

(ef) evaluated at system 0:

η ≡ (1− t0)
∂Y ⋆(1− t0, R0)

∂R
= (1− t0)V0βRϕ

′(R0).

Solving for βR and substituting into (19) gives

v1 − v0 = −ϵuτ +
η (ϕ(R1)− ϕ(R0))

(1− t0)V0ϕ′(R0)
≡ −ϵuτ − η(π(v0)− τ).

Substituting ϵu = ϵ+ η and rearranging establishes (ve).

The bound π(v0) < τ follows immediately from ϕ being a strictly increasing func-

tion. To see that π(v0) is non-negative, write π(v0; t1) as a function of t1, expanding

the definitions of τ and R1:

π(v0; t1) ≡ log(1− t0)− log(1− t1)−
ϕ(R0 + Ȳ (t1 − t0))− ϕ(R0)

(1− t0) exp(v0)ϕ′(R0)
.

Differentiating with respect to t1 at v0 > ȳ gives

∂π(v0; t1)

∂t1
=

1

(1− t1)
− ϕ′(R0 + (t1 − t0)Ȳ )Ȳ

(1− t0)V0ϕ′(R0)

>
1

(1− t0)

(
1− Ȳ

V0

)(
ϕ′(R0 + (t1 − t0)Ȳ )

ϕ′(R0)

)
> 0,

where the first inequality used (1−t0) > (1−t1), and the second follows because t0 < 1,

V0 > Ȳ , and ϕ is strictly increasing. We conclude that π(v0; t1) is a strictly increasing

function of t1, which implies that π(v0) ≡ π(v0; t1) > π(v0; t0) = 0 for all v0 > ȳ. For

v0 = ȳ, it is clear by inspection that π(ȳ; t1) ∈ (0, τ). q.e.d.

Proof of Proposition 2. Equations (ve) and (2) imply (3). Because q0(p̄) is known,

the assumed value of η implies a unique value of ϵ given by (3), so that ϵ is point

identified. If no value for η is assumed, then it is still known that η ∈ [−1, 0] due to the

Engel aggregation condition, as noted in Section 2. Substituting the extremal points

η = 0 and η = −1 gives the bounds on ϵ shown in (4).
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To see that the bounds are sharp, fix any ϵ within the bounds and let η ∈ [−1, 0]

be such that (3) holds. Then

ν(y0, ϵ, η) = y0 − (q0(p̄)− ȳ) + η (π(q0(p̄))− π(y0))

which is a strictly increasing function of y0. Consider a distribution of y0 that is uniform

on [ȳ, q0(p̄)] and coincides with a transformed version of G1 above q0(p̄), namely:

G0(z) = 1[ȳ ≤ z < q0(p̄)]

(
z − ȳ

q0(p̄)− ȳ

)
p+ 1[z ≥ q0(p̄)]G1 (ν(z, ϵ, η)) .

This distribution is consistent with the bunching quantile because

G0(q0(p̄)) = G1(ν(q0(p̄), ϵ, η)) = G1(ȳ) = p̄. (20)

It also reproduces the distribution of y1 because for any y ≥ ȳ,

P[y1 ≤ y] = P[ν(y0, ϵ, η) ≤ y] = P[y0 ≤ ν−1(y, ϵ, η)] = G0(ν
−1(y, ϵ, η)) = G1(y).

This shows that the bounds are sharp because for every value of ϵ in (4) there is a

distribution of y0 that is consistent with both G1 and q0(p̄). q.e.d.

Proof of Proposition 3. From (6) evaluated at p = p′ and p = p′′ we get two equa-

tions in two unknowns:

τϵ+ ηπ(q0(p
′)) = q0(p

′)− q1(p
′)

and τϵ+ ηπ(q0(p
′′)) = q0(p

′′)− q1(p
′′).

This system of equations has a solution because both π and q0 are strictly increasing

functions, the former by definition in Proposition 1 and the latter because y0 is assumed

to be continuously distributed. Solving the system yields (7)–(8). q.e.d.
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C Appendix figures and tables

Figure C.1: Comparison of self-employed workers and the general population

Population Self-employed

Age 42.8 45.1
Female 0.49 0.31
College 0.37 0.29
Taxable income 492,352 552,684
Wage income 426,194 42,144
Capital income 25,478 36,595

Observations 31,880,219 1,540,136

NOK is Norwegian Krone, which exchanged for between 5 and 9 per USD over the sample period. Population
is the entire Norwegian prime-working-age population between 2006 and 2018. An individual is self-employed
in a given year if they have business income larger than wage income that year.

Figure C.2: Top income tax over time

(a) Top tax bracket cutoff (b) Marginal tax rates

Notes: The graphs plot the evolution of the Norwegian top tax bracket over time. Panel (a) shows how the
cutoff value varies over time in nominal and real terms, as well as a percentile in the earnings distribution
among the self-employed. Panel (b) plots the marginal tax rates in the two highest tax brackets over time.
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Figure C.3: Estimates of the sharp testable implication in Proposition 4

Notes: The figure plots ζ(q0(p); η) − q1(p) as a function of p with η = 0 in black, with pointwise 95%
confidence intervals in red. Proposition 4 says the model is misspecified if and only if this function is smaller
than zero for some p. The estimated function is always above zero, so any test will fail to reject this premise.
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Figure C.4: Elasticities from Neisser (2021)

Notes: This figure plots interdecile- and quartile ranges, median, and mean elasticities of taxable income
estimates for four different subsamples using data from Neisser (2021). “Full sample” refers to all 1,720
estimates included in the meta-analysis. Nordic countries include estimates from Denmark, Finland, Norway,
and Sweden (N = 292). Self-employed contains estimates from samples of self-employed (N = 20), and top
income bracket refers to studies where a top-income tax rate is introduced (N = 431).
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Table C.1: Using different amounts of data

Data until 5th quantile (¯̄p0 = 0.05) Data until 20th quantile (¯̄p0 = 0.2)

Compensated elasticity Uncompensated elasticity Compensated elasticity Uncompensated elasticity

ηMIN ϵMAX Estimate 95% CI Estimate 95% CI Estimate 95% CI Estimate 95% CI

0 3 [0.000, 0.635] (0.000, 0.637) [0.000, 0.217] (0.000, 0.218)

0 1.5 [0.000, 0.349] (0.000, 0.350) [0.000, 0.145] (0.000, 0.146)

0 1 [0.000, 0.254] (0.000, 0.255) [0.000, 0.121] (0.000, 0.122)

-1 3 [0.000, 0.667] (0.000, 0.670) [−1.000, 0.635] (−1.000, 0.637) [0.000, 0.287] (0.000, 0.288) [−1.000, 0.217] (−1.000, 0.218)

-1 1.5 [0.000, 0.381] (0.000, 0.383) [−1.000, 0.349] (−1.000, 0.350) [0.000, 0.216] (0.000, 0.216) [−1.000, 0.145] (−1.000, 0.146)

-1 1 [0.000, 0.286] (0.000, 0.287) [−1.000, 0.254] (−1.000, 0.255) [0.000, 0.192] (0.000, 0.192) [−1.000, 0.121] (−1.000, 0.122)

-0.5 3 [0.000, 0.651] (0.000, 0.653) [−0.500, 0.635] (−0.500, 0.637) [0.000, 0.252] (0.000, 0.253) [−0.500, 0.217] (−0.500, 0.218)

-0.5 1.5 [0.000, 0.365] (0.000, 0.367) [−0.500, 0.349] (−0.500, 0.350) [0.000, 0.181] (0.000, 0.181) [−0.500, 0.145] (−0.500, 0.146)

-0.5 1 [0.000, 0.270] (0.000, 0.271) [−0.500, 0.254] (−0.500, 0.255) [0.000, 0.157] (0.000, 0.157) [−0.500, 0.121] (−0.500, 0.122)

-0.3 3 [0.000, 0.644] (0.000, 0.647) [−0.300, 0.635] (−0.300, 0.637) [0.000, 0.238] (0.000, 0.239) [−0.300, 0.217] (−0.300, 0.218)

-0.3 1.5 [0.000, 0.359] (0.000, 0.360) [−0.300, 0.349] (−0.300, 0.350) [0.000, 0.166] (0.000, 0.167) [−0.300, 0.145] (−0.300, 0.146)

-0.3 1 [0.000, 0.264] (0.000, 0.265) [−0.300, 0.254] (−0.300, 0.255) [0.000, 0.143] (0.000, 0.143) [−0.300, 0.121] (−0.300, 0.122)

-0.1 3 [0.000, 0.638] (0.000, 0.640) [−0.100, 0.635] (−0.100, 0.637) [0.000, 0.224] (0.000, 0.225) [−0.100, 0.217] (−0.100, 0.218)

-0.1 1.5 [0.000, 0.352] (0.000, 0.354) [−0.100, 0.349] (−0.100, 0.350) [0.000, 0.152] (0.000, 0.153) [−0.100, 0.145] (−0.100, 0.146)

-0.1 1 [0.000, 0.257] (0.000, 0.258) [−0.100, 0.254] (−0.100, 0.255) [0.000, 0.129] (0.000, 0.129) [−0.100, 0.121] (−0.100, 0.122)

Notes: This table reports bounds on average compensated and uncompensated elasticities for top-earners with
y0 below the 5th (first set of columns) and 20th (second set of columns) quantiles when using knowledge of the
distribution of y0 only up until that quantile and using full knowledge of the distribution of y1. We consider
bounds under different choices of ϵmax and ηmin, where ηmin = 0 denotes the assumption of no income effects.
Confidence intervals are constructed using the method of Imbens and Manski (2004) with the bootstrap to
account for estimating the pre-kink distribution.
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Supplemental Appendix
SA.1 Welfare derivations

In Section 3, we transformed our compensated elasticity estimates with homogeneous

elasticities into the implied revenue-maximizing tax rate and excess burden of taxation.

This section provides the derivations underlying these figures.

SA.1.1 Revenue-maximizing top-income tax rate

We first express the top-income tax revenue as a function of the top-income tax rate t.

Proposition 1 provided an expression for the virtual earnings choice under a linear tax

function that intersects tax system 1 at Ȳ . Write that solution as an explicit function

of the marginal tax rate t:

ν(v0, ϵ, η; t) ≡ v0 − ϵτ(t)− ηπ(v0; t),

where

τ(t) ≡ log

(
1− t0
1− t

)
and π(v0; t) ≡ τ(t)− ϕ(R0 + Ȳ (t− t0))− ϕ(R0)

(1− t0) exp(v0)ϕ′(R0)
.

The tax revenue collected from the top-income tax bracket is

tr(t; ϵ, η) ≡ tE
[
max

{
0, exp(ν(v0, ϵ, η; t))− Ȳ

}]
,

where ϵ and η are deterministic constants. The distribution of v0 is given by G0 for the

top bracket case. In the homogeneous case, identifying ϵ, η, and G0(z) for z ∈ [ȳ, q0(p̄)]

is sufficient to pin down G0(z) for all z:

G0(z) = G1 (ν(z, ϵ, η, t1)) for all z > q0(p̄).

In this case, tr(t; ϵ, η) is also identified, as is the value of t that maximizes revenue:

t∗(ϵ, η) ≡ argmax
t∈[t0,1]

tr(t; ϵ, η).

An estimate of the revenue-maximizing tax rate can be obtained by solving this problem

with estimates of ϵ and η.
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SA.1.2 Excess burden of taxation

Defining the excess burden of taxation requires introducing the expenditure function:

E(t, ū) ≡ min
C,Y

C − (1− t)Y subject to U(C, Y ) ≥ ū. (21)

The solution to this problem is the compensated earnings function, which we denote

by Y c(t, ū). Deadweight loss is then defined as the net-of-revenue expenditure needed

to ensure that an individual can obtain utility ū under tax rate t:

dwl(t, ū) ≡ E(t, ū)− tY c(t, ū).

The marginal deadweight loss is the derivative of dwl with respect to t:

mdwl(t, ū) =
∂

∂t
E(t, ū)− t

∂

∂t
Y c(t, ū)− Y c(t, ū)

= −t
∂

∂t
Y c(t, ū)

= t
∂

∂(1− t)
Y c(t, ū) =

tY c(t, ū)

1− t

(
∂Y c(t, ū)

∂(1− t)

1− t

Y c(t, ū)

)
,

where the second equality follows from the envelope theorem (Shephard’s Lemma).

When ū = U⋆(1− t0, R0) is set to the utility obtained under tax system 0,

mdwl(t0, U
⋆(1− t0, R0)) =

t0Y
⋆(1− t0, R0)ϵ(1− t0, R0)

1− t0
≡ t0V0ϵ

1− t0
.

It is common to normalize marginal deadweight loss by marginal tax revenue:

mtr(t, ū) ≡ ∂

∂t
(tY c(t, ū)) = Y c(t, ū) + t

∂

∂t
Y c(t, ū) = Y c(t, ū)−mdwl(t, ū).

The excess burden is the ratio of mdwl to mtr, which measures government’s cost of

increasing the marginal tax rate relative to the additional revenue raised, holding the

consumer indifferent. Under tax system 0 this is

eb(t0, U
⋆(1− t0, R0)) ≡

mdwl(t0, U
⋆(1− t0, R0))

mtr(t0, U⋆(1− t0, R0))

=

(
t0ϵV0

1− t0

)(
V0 −

t0ϵV0

1− t0

)−1

=
t0ϵ

1− t0(1 + ϵ)
.

SA.2 Proofs for Sections 5–6

Our proofs make repeated use of the following three lemmas.
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Lemma EX. (Existence of a distribution of compensated elasticity) Suppose

that η ∈ [−1, 0] is deterministic. Let F†
d denote the specification of F† given by

Condition D with this choice of η. Let F⋆
d denote F⋆ with F† = F†

d. Let Φ0 be a

strictly increasing and absolutely continuous distribution such that Φ0(y) = G0(y) for

all y ∈ (ȳ, ¯̄y0). Let Φ1 be a strictly increasing distribution that is absolutely continuous

on (ȳ, ¯̄y1), satisfies Φ1(y) = G1(y) for all y ∈ [ȳ, ¯̄y1), and has limy↑ȳ Φ1(y) = 0, so that

it places no mass below ȳ. Suppose that Φ0(ζ
−1(y; η)) ≤ Φ1(y) for all y ≥ ȳ.

Let v0 be a random variable with distribution Φ0. Let H0 denote the distribution

of ζ(v0; η). Given any e ≥ 0, define the random variable

ϵ =
1

τ

[
ζ(v0; η)− Φ−1

1 (H0(ζ(v0; η)))
]
+

e

τ
1[H0(ζ(v0; η)) ≤ p̄], (EX-ϵ)

where Φ−1
1 is the generalized inverse of Φ1 and p̄ ≡ Φ1(ȳ) = G1(ȳ). Let F denote the

joint distribution of (ϵ, η, v0) with η deterministic. Then F ∈ F⋆
d. Moreover,

EF [ϵ|B = b] =

 1
τ (E[ζ(v0; η)|v0 > q0(p̄)]− E[v1|v1 > ȳ]) if b = 0,

1
τ (E[ζ(v0; η)|v0 ≤ q0(p̄)]− ȳ + e) if b = 1,

(EX-ϵ-E)

where v1 is a random variable with distribution Φ1 and B ≡ 1[ν(v0, ϵ, η) ≤ ȳ]. The

expressions in (EX-ϵ-E) are functions of Φ0 and Φ1.

Proof of Lemma EX. We simplify the notation by defining z0 ≡ ζ(v0; η) and u0 ≡
H0(z0). Then (EX-ϵ) becomes

ϵ ≡ 1

τ

(
z0 − Φ−1

1 (u0)
)
+

e

τ
1[u0 ≤ p̄]. (22)

The distribution of u0 is uniform on [0, 1], because z0 is continuously distributed with

distribution function H0. Notice that H0 satisfies

H0(y) = P[ζ(v0; η) ≤ y] = P[v0 ≤ ζ−1(y; η)] = Φ0(ζ
−1(y; η)) ≤ Φ1(y),

which is an inequality that holds for all y ≥ ȳ, by assumption. This implies that

P[z0 ≥ Φ−1
1 (u0)] = P[Φ1(z0) ≥ H0(z0)] = 1,

which implies that ϵ ≥ 0 with probability one. We conclude that F ∈ F†
d.

Rearranging (ve) and substituting the definition of ϵ gives virtual earnings

ν(v0, ϵ, η) = v0 − ηπ(v0)− ϵτ = z0 − ϵτ = Φ−1
1 (u0)− e1[u0 ≤ p̄]. (23)
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Because Φ−1
1 (u0) ≥ ȳ = q1(p̄) and e ≥ 0, we have

ν(v0, ϵ, η) ≤ ȳ ⇔ u0 ≤ p̄ ⇔ v0 ≤ Φ−1
0 (p̄), (24)

where the second equivalence follows because u0 is uniformly distributed on [0, 1],

u0 ≡ H0(ζ(v0; η)) is a strictly increasing transformation of v0 (Proposition 1), and v0

has distribution Φ0 with quantiles Φ−1
0 . Using (23) and the first two equivalences of

(24), we conclude that

PF [ν(v0, ϵ, η) ≤ y] = PF [ȳ < ν(v0, ϵ, η) ≤ y] + PF [ν(v0, ϵ, η) ≤ ȳ]

= PF [Φ
−1
1 (u0) ≤ y]− PF [Φ

−1
1 (u0) ≤ ȳ] + PF [u0 ≤ p̄]

= Φ1(y)− Φ1(ȳ) + p̄ = Φ1(y), (25)

where the third equality follows from the definition of a quantile as a generalized inverse

of a right-continuous function (e.g. Embrechts and Hofert, 2013, Proposition 1(5)),

together with u0 being uniformly distributed on [0, 1]. From (25), and the assumption

that Φ1(y) = G1(y) for all y ∈ [ȳ, ¯̄y1), we conclude that PF [ν(v0, ϵ, η) ≤ y] = G1(y) for

all y ∈ [ȳ, ¯̄y1). We have also constructed F such that PF [v0 ≤ y] = Φ0(y), which is

equal to G0(y) for all y ∈ (ȳ, ¯̄y0), by assumption. We conclude that F ∈ F⋆
d.

We show (EX-ϵ-E) by directly computing the conditional expectation of (22), noting

that the event B = 1 is equivalent to (24):

EF [ϵ|B = b] =


1
τ (E[ζ(v0; η)|v0 > q0(p̄)]− E[Φ−1

1 (u0)|u0 > p̄]) if b = 0,

1
τ (E[ζ(v0; η)|v0 ≤ q0(p̄)]− E[Φ−1

1 (u0)|u0 ≤ p̄] + e) if b = 1.
(26)

By assumption, Φ1(ȳ) = G1(ȳ) ≡ p̄, so Φ−1
1 (u) = ȳ for all u ≤ p̄. This implies that

E[Φ−1
1 (u0)|u0 ≤ p̄] = ȳ, which yields the expression for b = 1. For b = 0, a change of

variables implies that

E[Φ−1
1 (u0)|u0 > p̄] =

∫ 1

p̄
Φ−1
1 (u)

du

1− p̄
=

∫ ∞

ȳ
y
Φ′
1(y)dy

1− Φ1(ȳ)
= E[v1|v1 > ȳ].

q.e.d.

Lemma HM. (Horowitz-Manski bounds) Suppose that B is a binary random vari-

able with P[B = 1] = p̄ known. Suppose that η is deterministic and let z0 ≡ ζ(v0; η).

Suppose that v0 has a strictly increasing and absolutely continuous distribution func-
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tion Φ0 with quantile function Φ−1
0 . Then

E[z0|v0 ≤ Φ−1
0 (1− p̄)] ≤ E[z0|B = 0] ≤ E[z0|v0 > Φ−1

0 (p̄)]

and E[z0|v0 ≤ Φ−1
0 (p̄)] ≤ E[z0|B = 1] ≤ E[z0|v0 > Φ−1

0 (1− p̄)].

Proof of Lemma HM. This follows directly from Proposition 4 of Horowitz and

Manski (1995) after noting from Proposition 1 that ζ(v0; η) is a strictly increasing

function of v0 for any fixed η. Because v0 is continuously distributed with distribution

Φ0, this ensures that z0 is smaller than its p̄th quantile if and only if v0 is smaller than

Φ−1
0 (p̄), and similarly for the other events. q.e.d.

Lemma IDT. (Identified set under Condition T)Maintain Condition T. Suppose

that F ∈ F⋆ and let (ϵ, η, v0) be random variables that are distributed like F . Let

v1 ≡ ν(v0, ϵ, η). Then P[v0 ≤ y] = G0(y) for all y ≥ ȳ and P[v1 ≤ y] = G1(y) for all

y ≥ ȳ. The distribution of y1 first-order stochastically dominates the distribution of

v1.

Proof of Lemma IDT. The equalities of the distribution functions are direct impli-

cations of the definition of F⋆ under Condition T. That the distribution of y1 first-order

stochastically dominates that of v1 then follows because P[y1 < ȳ] = 0. q.e.d.

Proof of Proposition 4. Suppose that the model is not misspecified, so that F⋆ is

non-empty. Let F ∈ F⋆. Then for all y,

G1(y) = PF [ν(v0, ϵ, η) ≤ y]

= PF [ζ(v0; η)− τϵ ≤ y]

≥ PF [ζ(v0; η) ≤ y] = P[ζ(y0; η) ≤ y], (27)

where the first equality used the definition of F⋆ under Condition T, the second used

(ve), the inequality follows because F ∈ F† have ϵ ≥ 0 with probability one, and the

final equality again used F ∈ F⋆ under Condition T.

For the opposite implication, suppose that P[ζ(y0; η) ≤ y] ≤ G1(y) for all y. Given

Condition D, this can be rewritten as P[ζ(y0; η) ≤ y] = G0(ζ
−1(y; η)) ≤ G1(y) for all

y. The existence of an F ∈ F⋆ now follows from Lemma EX by taking Φ0 = G0 and

Φ1 = G1. q.e.d.

Proof of Proposition 5. We first show that the bounds are valid. Let F ∈ F⋆ and
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let (ϵ, η, v0) be random variables with distribution F . Define

v1 ≡ ν(v0, ϵ, η) ≡ v0 − ϵτ − ηπ(v0) ≡ z0 − ϵτ, (ve)

where z0 ≡ v0 − ηπ(v0) ≡ ζ(v0; η).

Lemma IDT shows that E[v1] ≤ E[y1], which upon rearranging (ve) gives:

E[ϵ] =
1

τ
(E[z0]− E[v1]) ≥

1

τ
(E[z0]− E[y1]) .

Substituting the definition of z0 produces (p5-lb). Next, we apply Lemma HM to

obtain

E[ϵ|B = 0]

=
1

τ
(E[z0|B = 0]− E[v1|B = 0])

≤ 1

τ
(E[z0|v0 > q0(p̄)]− E[v1|v1 > ȳ]) =

1

τ
(E[ζ(y0; η)|y0 > q0(p̄)]− E[y1|y1 > ȳ]) ,

where the final equality used F ∈ F⋆ with Lemma IDT. This establishes (p5-ub-b0).

The lower bound (p5-lb-b1) also follows from Lemma HM after noting that E[v1|B =

1] ≤ ȳ:

E[ϵ|B = 1] =
1

τ
(E[z0|B = 1]− E[v1|B = 1]) ≥ 1

τ
(E[z0|v0 ≤ q0(p̄)]− ȳ) .

Substituting the definition of z0 produces (p5-lb-b1), because F ∈ F⋆.

To establish (p5-lb-b0), let Φ0 ≡ P[v0 ≤ v] and Φ0|b(v) ≡ P[v0 ≤ v|B = b] for

b = 0, 1, then use the mixture decomposition (10) with Φ0 in place of G0:

Φ0|0(v) =
Φ0(v)− Φ0|1(v)p̄

1− p̄
≤ min

{
1,

Φ0(v)

1− p̄

}
= min

{
1,

G0(v)

1− p̄

}
, (28)

where the final equality follows from F ∈ F⋆. In addition to this inequality, we also

have from (ve) that

Φ0|0(v) = P[ζ(v0; η) ≤ ζ(v; η)|B = 0]

= P[v1 + ϵτ ≤ ζ(v; η)|B = 0]

≤ P[v1 ≤ ζ(v; η)|B = 0] = G1|0(ζ(v; η)), (29)

where the inequality follows because P[ϵ ≥ 0] = 1 and the equality is because F ∈ F⋆.
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Together, (28) and (29) imply that

Φ0|0(v) ≤ min{G0(v)/(1− p̄), G1|0(ζ(v; η))} ≡ Ḡ(v).

We obtain (p5-lb-b0) from this bound because ζ(·; η) is strictly increasing:

E[ϵ|B = 0]

=
1

τ
(E[ζ(v0; η)|B = 0]− E[v1|B = 0])

=
1

τ

(∫
ζ(y; η) dΦ0|0(y)− E[v1|v1 > ȳ]

)
≥ 1

τ

(∫
ζ(y; η) dḠ(y)− E[y1|y1 > ȳ]

)
,

where the final equality used F ∈ F⋆.

We now establish that the bounds are sharp by applying Lemma EX. We have

assumed that the model is not misspecified, which Proposition 4 shows is equivalent to

assuming that P[ζ(y0; η) ≤ y] = G0(ζ
−1(y; η)) ≤ G1(y) for all y ≥ ȳ. The assumptions

of Lemma EX are therefore satisfied with Φ0 = G0 and Φ1 = G1.

For any e ≥ 0, Lemma EX shows that there exists an F ∈ F⋆
d = F⋆ such that

(EX-ϵ-E) holds. Taking e = 0, the expression for b = 0 in (EX-ϵ-E) becomes the upper

bound (p5-ub-b0), while the expression for b = 1 in (EX-ϵ-E) becomes the lower bound

(p5-lb-b1). The lower bound (p5-lb) is also achieved when e = 0 by applying the law

of iterated expectations to (EX-ϵ-E).

On the other hand, taking e to be arbitrarily large in (EX-ϵ-E) makes EF [ϵ|B = 1]

and therefore EF [ϵ] arbitrarily large. This implies that the sharp upper bounds on

E[ϵ|B = 1] and E[ϵ] are infinite. The sharpness of the lower bound on E[ϵ|B = 0]

under the stated single-crossing condition follows as a special case of the more general

result proven in Appendix SA.4. q.e.d.

Proof of Proposition 6. Suppose that F ∈ F⋆ and let (ϵ, η, v0) be distributed like

F . The law of iterated expectations gives

E[ϵ] = E[ϵ|B = 1]p̄+ E[ϵ|B = 0](1− p̄). (30)

The claimed upper bound follows after bounding E[ϵ|B = 1] by ϵmax and E[ϵ|B = 0] by

(p5-ub-b0). Note that (p5-ub-b0) is still a valid bound because Condition DB restricts

F† to be a strictly smaller set than it is under Condition D.

To establish sharpness, assume that the model is not misspecified. Because Con-

dition DB is more restrictive than D, Proposition 4 implies that P[ζ(y0; η) ≤ y] =

G0(ζ
−1(y; η)) ≤ G1(y) for all y ≥ ȳ. The assumptions of Lemma EX are therefore
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satisfied with Φ0 = G0 and Φ1 = G1. We conclude that for any e ≥ 0, there exists an

F ∈ F⋆
d with EF [ϵ|B = b] given by (EX-ϵ-E).

Taking e = 0 produces an Flb ∈ F⋆
d for which EFlb [ϵ|B = 1] obtains the lower bound

(p5-lb-b1), which is sharp when F† = F†
d. Because F⋆ ⊆ F⋆

d and F⋆ is non-empty by

hypothesis, we conclude that

ϵmax ≥ 1

τ
(E[ζ(y0; η)|y0 ≤ q0(p̄)]− ȳ) = EFlb [ϵ|B = 1]. (31)

The lower bound (p5-lb) is obtained by taking e = 0 and applying the law of

iterated expectations to (EX-ϵ-E). To obtain the upper bound, set

e⋆ ≡ τϵmax + ȳ − E[z0|y0 ≤ q0(p̄)]

≥ τ

(
1

τ
(E[z0|y0 ≤ q0(p̄)]− ȳ)

)
+ ȳ − E[z0|y0 ≤ q0(p̄)] = 0,

where z0 ≡ ζ(y0; η) and the inequality uses (31). Applying the law of iterated expec-

tations to (EX-ϵ-E) produces

EF [ϵ] =
1

τ
(E[ζ(v0; η)|v0 > q0(p̄)]− E[v1|v1 > ȳ]) (1− p̄)

+
1

τ
(E[ζ(v0; η)|v0 ≤ q0(p̄)]− ȳ + e⋆) p̄

= (1− p̄)
1

τ
(E[z0|y0 > q0(p̄)]− E[y1|y1 > ȳ]) + p̄

1

τ
(E[z0|y0 ≤ q0(p̄)]− ȳ + e⋆)

= ϵmaxp̄+
1

τ
(E [ζ(y0; η)|y0 > q0(p̄)]− E[y1|y1 > ȳ]) (1− p̄),

where the second equality follows because we took Φ0 = G0 and Φ1 = G1 in Lemma

EX. Moreover, (EX-ϵ-E) and the definition of e⋆ imply that EF [ϵ|B = 1] = ϵmax. We

conclude that F ∈ F⋆, which implies that the bound is sharp. q.e.d.

Proof of Proposition 7. Suppose that the model is not misspecified, so that F⋆ is

non-empty. Let F ∈ F⋆. In (27) from the proof of Proposition 4, we showed that

G1(y) ≥ PF [ζ(v0; η) ≤ y] for all y. This inequality only used ϵ ≥ 0, so it continues to

hold when F† = F allows for η to be stochastic. We combine this inequality with the

observation that ζ(v0; η) ≡ v0 − ηπ(v0) is a decreasing function of η ∈ [−1, 0] for any

v0, which is a consequence of π being non-negative (Proposition 1). Then

G1(y) ≥ PF [ζ(v0; η) ≤ y] ≥ PF [ζ(v0;−1) ≤ y] = P[ζ(y0;−1) ≤ y],

where the final equality uses F ∈ F⋆ under Condition T.
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For the opposite implication, suppose that P[ζ(y0;−1) ≤ y] ≤ G1(y) for all y.

This can be rewritten as G0(ζ
−1(y;−1)) ≤ G1(y) for all y. Lemma EX then yields an

F ∈ F⋆ by taking η = −1, Φ0 = G0, and Φ1 = G1. q.e.d.

Proof of Proposition 8. Suppose that the model is not misspecified. By Proposition

7, this implies that η̄ ≥ −1 is well-defined. Fix any deterministic η′ ∈ [−1, η̄], which

satisfies P[ζ(y0; η
′) ≤ y] ≤ G1(y) for all y ≥ ȳ due to the definition of η̄. Applying

Lemma EX with η = η′, Φ0 = G0, and Φ1 = G1 shows that there exists an F ∈ F⋆

with deterministic η = η′. Under this F , all conditional and unconditional averages of

η equal η′. Because η′ ∈ [−1, η̄] was arbitrary, we have shown that the sharp identified

sets for E[η], E[η|B = 0], and E[η|B = 1] contain [−1, η̄], which was the claim. q.e.d.

Proof of Proposition 9. We begin by showing that the bounds are valid. Let F ∈
F⋆ and let (ϵ, η, v0) be random variables with distribution F . Let v1 ≡ ν(v0, ϵ, η) ≡
ζ(v0; η)− ϵτ .

Recall that ζ(v0; η) is a decreasing function of η with ζ(v0; 0) = v0. Using this

property gives

E[ϵ] =
1

τ
(E [ζ(v0; η)]− E [v1]) ≥

1

τ
(E[ζ(v0; 0)]− E[v1]) =

1

τ
(E[v0]− E[v1]) . (32)

Lemma IDT implies that E[v1] ≤ E[y1], which gives (p9-lb). The conditional lower

bounds (p9-lb-b1) and (p9-lb-b0) follow by using the same argument—observing that

v1 ≤ Bȳ + (1−B)v1, where B = 1[v1 ≤ ȳ]—then applying Lemma HM:

E[ϵ|B = 0] ≥ 1

τ
(E[ζ(v0; 0)− v1|B = 0]) ≥ 1

τ
(E[y0|y0 ≤ q0(1− p̄)]− E[y1|y1 > ȳ])

and E[ϵ|B = 1] ≥ 1

τ
(E[ζ(v0; 0)− v1|B = 1]) ≥ 1

τ
(E[y0|y0 ≤ q0(p̄)]− ȳ) .

The upper bound on the non-bunchers, (p9-ub-b0), follows by using the bound ζ(v0; η) ≤
ζ(v0;−1) and then applying Lemma HM in the other direction:

E[ϵ|B = 0]

≤ 1

τ
(E[ζ(v0;−1)− v1|B = 0]) ≤ 1

τ
(E[ζ(y0;−1)|y0 > q0(p̄)]− E[y1|y1 > ȳ]) .

Now we establish sharpness. We have assumed that the model is not misspeci-

fied, which Proposition 7 shows is equivalent to assuming that P[ζ(y0;−1) ≤ y] =

G0(ζ
−1(y;−1)) ≤ G1(y) for all y ≥ ȳ. The assumptions of Lemma EX are therefore

satisfied with η = −1, Φ0 = G0, and Φ1 = G1.
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For any e ≥ 0, Lemma EX yields an F ∈ F⋆
d ⊆ F⋆ with deterministic income

effects η = −1 such that (EX-ϵ-E) holds. Taking e = 0 in (EX-ϵ-E) produces the

bound (p9-ub-b0). Taking e to be arbitrarily large leads to arbitrarily large bounds on

E[ϵ|B = 1] and E[ϵ], implying that sharp bounds on these objects are infinite.

If we additionally assume η̄ = 0, then P[ζ(y0; 0) ≤ y] = G0(ζ
−1(y; 0)) ≤ G1(y)

for all y ≥ ȳ. Lemma EX therefore also applies with η = 0, Φ0 = G0, and Φ1 =

G1. Taking e = 0 then yields (p9-lb-b1), and the law of iterated expectations gives

(p9-lb). q.e.d.

Proof of Proposition 10. We begin by showing that the bounds are valid. Let F ∈
F⋆ and let (ϵ, η, v0) be random variables with distribution F . Let v1 ≡ ν(v0, ϵ, η).

Using (ue), we have

E[ϵu] =
1

τ
(E [ζu(v0; η)− v1]) ≥

1

τ
(E [ζ(v0;−1)]− τ − E[v1]) ,

where the inequality uses that ζu(v0; η) is increasing in η, which implies that ζu(v0; η) ≥
ζu(v0;−1) = ζ(v0;−1)− τ . Applying Lemma IDT then gives

E[ϵu] ≥ 1

τ
(E [ζ(y0;−1)]− τ − E[y1]) ,

which is (p10-lb). Using the monotonicity of ζu(v0; η) in η, then applying Lemmas

HM and IDT, we obtain

E[ϵu|B = 1]

=
1

τ
(E[ζu(v0; η)|B = 1]− E[v1|B = 1])

≥ 1

τ
(E[ζ(v0;−1)|B = 1]− τ − E[v1|B = 1])

≥ 1

τ
(E[ζ(v0;−1)|v0 ≤ q0(p̄)]− τ − E[v1|B = 1])

≥ 1

τ
(E[ζ(y0;−1)|y0 ≤ q0(p̄)]− τ − ȳ) ,

which is (p10-lb-b1). Lemma HM also implies that

E[ϵu|B = 0]

≤ 1

τ
(E[ζu(v0; 0)|B = 0]− E[v1|B = 0])

≤ 1

τ
(E[v0|v0 > q0(p̄)]− E[v1|v1 > ȳ]) =

1

τ
(E[y0|y0 > q0(p̄)]− E[y1|y1 > ȳ]) ,

which is (p10-ub-b0). To establish (p10-lb-b0), we first bound ζu(v0; η) below by
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ζu(v0;−1) ≡ ζ(v0;−1)− τ :

E[ϵu|B = 0] ≥ 1

τ
(E [ζ(v0;−1)|B = 0]− τ − E [v1|v1 > ȳ]) . (33)

Finally, (28)–(29) in the proof of Proposition 5 show that Φ0|0(v) ≡ P[v0 ≤ v|B = 0] ≤
G(v) for all v, so

E[ζ(v0;−1)|B = 0] ≥
∫

ζ(y;−1) dG(y). (34)

Substituting (34) into (33) and using E[v1|v1 > ȳ] = E[y1|y1 > ȳ] produces (p10-lb-b0).

We now establish sharpness by applying Lemma EX. Suppose that the model is not

misspecified, which Proposition 7 shows is equivalent to assuming that P[ζ(y0;−1) ≤
y] = G0(ζ

−1(y;−1)) ≤ G1(y) for all y ≥ ȳ. The hypotheses of Lemma EX are therefore

satisfied with η = −1, Φ0 = G0, and Φ1 = G1.

For any e ≥ 0, Lemma EX yields an F ∈ F⋆
d ⊆ F⋆ with deterministic income effects

η = −1 such that (EX-ϵ-E) holds. Taking e = 0 produces (p10-lb) and (p10-lb-b1).

Taking e arbitrarily large shows that the corresponding sharp upper bounds are infinite.

In Appendix SA.4, we show that (p10-lb-b0) can be attained under the single-crossing

condition with η = −1.

If we additionally assume that η̄ = 0, then P[ζ(y0; 0) ≤ y] = G0(ζ
−1(y; 0)) ≤ G1(y)

for all y ≥ ȳ. In this case, Lemma EX also applies with η = 0, Φ0 = G0, and Φ1 = G1.

Taking e = 0 then produces F ∈ F⋆
d ⊆ F⋆ with deterministic η = 0 that attains

(p10-ub-b0). q.e.d.

Proof of Proposition 11. We begin by showing the bounds are valid. Let F ∈ F⋆

and let (ϵ, η, v0) be random variables with distribution F . Let v1 = ν(v0, ϵ, η) ≡
ζ(v0; η)− ϵτ .

The lower bound (p11-lb-ϵ) on E[ϵ] is the same as (p9-lb) in Proposition 9, which

maintained F† = F , so is still valid when imposing Condition B, which makes F† a

smaller set. To derive (p11-lb-ϵu) begin by writing

E[ϵu] =
1

τ
E[ζu(v0; η)− v1]

=
1

τ
(E[v0 + E[η|B, v0](τ − π(v0))]− E[v1])

=
1

τ
(E[ζu(v0;E[η|B, v0])]− E[v1]) ≥

1

τ
(E[ζ(v0; ηmin) + τηmin]− E[v1]), (35)

where the first equality used the law of iterated expectations and the inequality used

Condition B together with the monotonicity of ζu(v0; η) in η. Lemma IDT with F ∈ F⋆
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then implies that

1

τ
(E[ζ(v0; ηmin) + τηmin]− E[v1]) ≥

1

τ
(E[ζ(y0; ηmin) + τηmin]− E[y1]),

which is (p11-lb-ϵu).

To derive (p11-ub-ϵ) use the law of iterated expectations with Condition B:

E[ϵ] = E[ϵ|B = 1]p̄+ E[ϵ|B = 0](1− p̄)

≤ ϵmaxp̄+
1

τ
(E [ζ(v0; η)|B = 0]− E [v1|B = 0]) (1− p̄)

= ϵmaxp̄+
1

τ
(E [v0 − E[η|B = 0, v0]π(v0)|B = 0]− E [v1|B = 0]) (1− p̄)

≤ ϵmaxp̄+
1

τ
(E [ζ(v0; ηmin)|B = 0]− E [v1|B = 0]) (1− p̄). (36)

Lemmas HM and IDT with F ∈ F⋆ imply

E [ζ(v0; ηmin)|B = 0]− E [v1|B = 0] ≤ E [ζ(y0; ηmin)|y0 ≥ q0(p̄)]− E [y1|y1 > ȳ] ,

which produces (p11-ub-ϵ) upon substitution into (36). A similar argument leads to

(p11-ub-ϵu):

E[ϵu] = E[ϵu|B = 1]p̄+ E[ϵu|B = 0](1− p̄)

≤ ϵmaxp̄+
1

τ
(E[v0|B = 0]− E[v1|B = 0])(1− p̄), (37)

where the inequality uses E[ϵu|B = 1] ≤ E[ϵ|B = 1] ≤ ϵmax and ζu(v0; η) ≤ ζu(v0; 0) =

v0. Lemma HM and F ∈ F⋆ imply

E[v0|B = 0]− E[v1|B = 0] ≤ E[y0|y0 ≥ q0(p̄)]− E[y1|y1 > ȳ].

Substituting into (37) produces (p11-ub-ϵu).

To establish sharpness, assume that the model is not misspecified. Then η̄ ∈ [−1, 0]

exists and for any deterministic η ≤ η̄ we have G0(ζ
−1(y; η)) ≤ G1(y) for all y ≥ ȳ.

Lemma EX can be applied with this choice of η, setting Φ0 = G0 and Φ1 = G1.

The conclusion of Lemma EX is that there exists an F ∈ F⋆
d for any e ≥ 0. Because

η ≥ ηmin, we know that such an F must satisfy EF [η|v0, B = b] ≥ ηmin for b = 0, 1 and

almost every v0. To show that F ∈ F⋆, we need to verify that EF [ϵ|B = 1] ≤ ϵmax. We

do this for each bound separately, choosing an η ∈ [ηmin, η̄] and e ≥ 0 so that F ∈ F⋆

also attains the claimed bound under the stated side conditions on how ηmin and ϵmax

relate to η̄ and ϵ(ηmin).
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• (p11-lb-ϵ): Suppose that η̄ = 0. Take η = 0 and e = 0. Then ηmin ≤ η ≤ η̄ and

e ≥ 0. Take an F ∈ F⋆
d produced by Lemma EX with these choices. Applying the

law of iterated expectations to (EX-ϵ-E) shows that this F produces (p11-lb-ϵ).

It also satisfies EF [ϵ|B = 1] = ϵ(0), which is the lower bound (p9-lb-b1) from

Proposition 9. Imposing Condition B cannot make this lower bound any smaller.

Because F⋆ is assumed to be non-empty, it follows that

ϵ(0) = EF [ϵ|B = 1] ≤ ϵmax, (38)

which verifies that F ∈ F⋆.

• (p11-lb-ϵu): Suppose that η̄ ≥ ηmin and ϵmax ≥ ϵ(ηmin). Take η = ηmin and

e = 0. Then ηmin ≤ η ≤ η̄ and e ≥ 0. Take an F ∈ F⋆
d produced by Lemma EX

with these choices. Applying the law of iterated expectations to (EX-ϵ-E) then

adding η = ηmin to create an uncompensated elasticity shows that this F produces

(p11-lb-ϵu). It also satisfies EF [ϵ|B = 1] = ϵ(ηmin) ≤ ϵmax, which verifies that

F ∈ F⋆.

• (p11-ub-ϵ): Suppose that η̄ ≥ ηmin and ϵmax ≥ ϵ(ηmin). Take η = ηmin, which

satisfies ηmin ≤ η ≤ η̄. Take

e = τϵmax + ȳ − E[ζ(y0; ηmin)|y0 ≤ q0(p̄)]

≥ τϵ(ηmin) + ȳ − E[ζ(y0; ηmin)|y0 ≤ q0(p̄)] = 0,

where the inequality follows from ϵmax ≥ ϵ(ηmin) and the definition of ϵ(ηmin).

Take an F ∈ F⋆
d produced by Lemma EX with these choices. Applying the law

of iterated expectations to (EX-ϵ-E) shows that this F produces (p11-ub-ϵ). It

also satisfies EF [ϵ|B = 1] = ϵmax, which verifies that F ∈ F⋆.

• (p11-ub-ϵu): Suppose η̄ = 0. Take η = 0, which satisfies ηmin ≤ η ≤ η̄. Take

e ≡ τϵmax + ȳ − E[ζ(y0; 0)|y0 ≤ q0(p̄)]

≥ τϵ(0) + ȳ − E[ζ(y0; 0)|y0 ≤ q0(p̄)] = 0,

where the inequality uses (38) and the definition of ϵ(0). Take an F ∈ F⋆
d pro-

duced by Lemma EX with these choices. Applying the law of iterated expectations

to (EX-ϵ-E) with this F produces (p11-ub-ϵu), because compensated and uncom-

pensated elasticities are the same when η = 0, and ζ(y0; 0) = y0. This choice of

F also satisfies EF [ϵ|B = 1] = ϵmax, which verifies that F ∈ F⋆.

q.e.d.
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SA.3 Proofs for Section 7

Our proofs in this section make use of the following lemma in combination with Lemmas

EX and HM.

Lemma VX. (Extension of virtual earnings distributions) Suppose that η ∈
[−1, 0] is deterministic. Suppose that P[ζ(y0; η) ≤ y] ≤ G1(y) for all y such that

ȳ < y < min{ζ(¯̄y0; η), ¯̄y1}. Then there exist distribution functions Φ0 and Φ1 that

satisfy the following properties:

VX1. Φ0(y) = G0(y) for all y ∈ (ȳ, ¯̄y0).

VX2. Φ1(y) = G1(y) for all y ∈ [ȳ, ¯̄y1).

VX3. Φ0 and Φ1 are strictly increasing and absolutely continuous for all y > ȳ.

VX4. Φ0(ζ
−1(y; η)) ≤ Φ1(y) for all y > ȳ.

Proof of Lemma VX. For d = 0, 1 define

Φd(y) ≡

Gd(y), if y < ¯̄yd

Γd(y), if y ≥ ¯̄yd
,

where Γd(y) is a continuous extension of Gd for y > ¯̄yd that makes Φd a strictly

increasing, absolutely continuous distribution function. Then VX1, VX2, and VX3

are satisfied. To ensure VX4, we impose an additional condition on these extensions

depending on where min{ζ(¯̄y0; η), ¯̄y1} is attained.

Suppose first that ζ(¯̄y0; η) ≤ ¯̄y1. Let Γ1 be any extension of G1. Take Γ0 to be such

that Γ0(y) ≤ Φ1(ζ(y; η)) for all y ≥ ¯̄y0. This is possible because

Γ0(¯̄y0) = G0(¯̄y0) = P[y0 ≤ ¯̄y0] = P[ζ(y0; η) ≤ ζ(¯̄y0; η)] ≤ G1(ζ(¯̄y0; η)) = Φ1(ζ(¯̄y0; η)),

where the first equality follows from continuity at ¯̄y0, the third equality follows because

ζ(·; η) is a strictly increasing function, and the inequality is by assumption, because

ζ(¯̄y0; η) ≤ ¯̄y1. We conclude that Φ0(y) ≤ Φ1(ζ(y; η)) for all y ≥ ¯̄y0 or, equivalently,

that Φ0(ζ
−1(y; η)) ≤ Φ1(y) for all y ≥ ζ(¯̄y0; η). The same condition is satisfied by

assumption for y < ¯̄y0, because Φ0(y) = G0(y) and Φ1(ζ(y; η)) = G1(ζ(y; η)). We

conclude that Φ0 and Φ1 also satisfy VX4.

On the other hand, if ¯̄y1 ≤ ζ(¯̄y0; η), then we take Γ0 to be any extension of G0 and

choose Γ1 to be such that Γ1(y) ≥ Φ0(ζ
−1(y; η)) for all y ≥ ¯̄y1. This is possible because

Γ1(¯̄y1) = G1(¯̄y1) ≥ P[ζ(y0; η) ≤ ¯̄y1] = G0(ζ
−1(¯̄y1; η)) = Φ0(ζ

−1(¯̄y1; η)),
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where the inequality is by assumption for y ≤ ¯̄y1 and the final equality follows from

ζ−1(¯̄y1; η) ≤ ζ−1(ζ(¯̄y0; η); η) = ¯̄y0. We conclude that Φ1(y) ≥ Φ0(ζ
−1(y; η)) for y ≥ ¯̄y1.

The same condition is satisfied by assumption for y < ¯̄y1, because Φ1(y) = G1(y) ≥
G0(ζ

−1(y; η)) = Φ0(ζ
−1(y; η)), noting that ζ−1(y; η) ≤ ζ−1(¯̄y1; η) ≤ ζ−1(ζ(¯̄y0; η); η) =

¯̄y0. We conclude that Φ0 and Φ1 also satisfy VX4. q.e.d.

Proof of Proposition 12. Suppose that the model is not misspecified, so that F⋆ is

non-empty. Let F ∈ F⋆ and let (ϵ, η, v0) be random variables with distribution F . Let

v1 ≡ ν(v0, ϵ, η) ≡ ζ(v0; η)− ϵτ . Suppose that y ∈ (ȳ,min{¯̄y1, ζ(¯̄y0;−1)}). Then

G1(y) = PF [v1 ≤ y] ≥ PF [ζ(v0;−1) ≤ y] = PF [v0 ≤ ζ−1(y;−1)] = G0(ζ
−1(y;−1)),

where the first and last equalities used F ∈ F⋆—noting that y ≤ ζ(¯̄y0;−1) if and only

if ζ−1(y;−1) ≤ ¯̄y0—and the inequality follows because ϵ ≥ 0 and ζ(v0; η) is a decreas-

ing function of η. The claimed inequality follows after rewriting G0(ζ
−1(y;−1)) =

P[ζ(y0;−1) ≤ y].

To show the converse, suppose that P[ζ(y0;−1) ≤ y] = G0(ζ
−1(y;−1)) ≤ G1(y) for

all y such that ȳ < y < min{¯̄y1, ζ(¯̄y0;−1)}. Lemma VX shows that if this condition

holds, then there exist distribution functions Φ0 and Φ1 such that Φ0(ζ
−1(y;−1)) ≤

Φ1(y) for all y > ȳ. Applying Lemma EX with these Φ0 and Φ1 shows that there exists

an F ∈ F⋆, so that the model is not misspecified. q.e.d.

Proof of Proposition 13. Let F ∈ F⋆ and let (ϵ, η, v0) be random variables with

distribution F . Let v1 ≡ ν(v0, ϵ, η) ≡ ζ(v0; η)− ϵτ .

We first show that (p13-lb-ϵ) is valid. Because ζ(v0; η) is decreasing in η with

ζ(v0; 0) = v0,

E⋆[ϵ] ≥ 1

τ
(E⋆[ζ(v0; η)]− E⋆[v1])

≥ 1

τ
(E⋆[v0]− E⋆[v1]) =

1

τ
(E[y0|y0 ∈ Y⋆

0 ]− E[v1|v0 ∈ Y⋆
0 ]) , (39)

where the final equality follows because F ∈ F⋆. We derive a lower bound on the final

term by noting that v0 ∈ Y⋆
0 implies v1 ≤ ζ(y⋆0;−1) ≡ y⋆1, then trimming the mass for

the event v0 ∈ Y⋆
0 :

E[v1|v0 ∈ Y⋆
0 ] = E[v1|v0 ∈ Y⋆

0 , v1 ≤ y⋆1] ≤ E[y1|q⋆1(1− p⋆0|1) < y1 ≤ y⋆1], (40)

where p⋆0|1 ≡ P[v0 ∈ Y⋆
0 |v1 ≤ y⋆1], q⋆1 is the quantile function of y1, conditional on
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y1 ≤ y⋆1, and we used F ∈ F⋆ in the inequality.17 Notice that because q⋆1(α) ≤ y⋆1 for

any α and because F ∈ F⋆,

P
[
y1 ≤ q⋆1(1− p⋆0|1)

]
= P

[
y1 ≤ q⋆1(1− p⋆0|1)

∣∣y1 ≤ y⋆1

]
P[y1 ≤ y⋆1]

= (1− p⋆0|1)P[v1 ≤ y⋆1]

= P[v1 ≤ y⋆1]− P[v0 ∈ Y⋆
0 , v1 ≤ y⋆1]

= P[v1 ≤ y⋆1]− P[v0 ∈ Y⋆
0 ]

= G1(y
⋆
1)−G0(y

⋆
0) ≡ p⋆1 − p⋆0.

We conclude that q⋆1(1− p⋆0|1) = q1(p
⋆
1 − p⋆0) ≡ ql1, so that

E[v1|y0 ∈ Y⋆
0 ] ≤ E[y1|ql1 < y1 ≤ y⋆1]. (41)

Using (41) in (39) produces (p13-lb-ϵ). The lower bound for the average uncompen-

sated elasticity follows from a similar argument:

E⋆[ϵu] =
1

τ
(E⋆[ζ(v0; η)] + τη − E⋆[v1])

≥ 1

τ
(E⋆[ζ(v0; ηmin)] + τηmin − E⋆[v1])

=
1

τ
(E[ζ(y0; ηmin)|y0 ∈ Y⋆

0 ] + τηmin − E[v1|v0 ∈ Y⋆
0 ]) .

Using (41) produces (p13-lb-ϵu).

Next, we show that the upper bounds (p13-ub-ϵ) and (p13-ub-ϵu) are valid, which

is a more involved argument. The law of iterated expectations combined with Condi-

tion B⋆ gives

E⋆[ϵ] ≤ ϵmaxp̄
⋆ +

1

τ
(E⋆[ζ(v0; ηmin)|v1 > ȳ]− E⋆[v1|v1 > ȳ]) (1− p̄⋆), (42)

and E⋆[ϵu] ≤ ϵmaxp̄
⋆ +

1

τ
(E⋆[ζ(v0; 0)|v1 > ȳ]− E⋆[v1|v1 > ȳ]) (1− p̄⋆), (43)

where p̄⋆ ≡ P[v1 ≤ ȳ|v0 ∈ Y⋆
0 ]. We bound each of the two conditional expectations

in (42)–(43) in turn. The arguments for (42) and (43) are identical, except for the

deterministic value of η at which the ZER is evaluated. The following argument uses

a generic η̃ that we evaluate for η̃ ∈ {ηmin, 0} at the end.

For the first conditional expectation in (42)–(43), we derive an upper bound by

17Note that the strict inequality q⋆1(1− p⋆0) < y1 is needed because y1 can have a point mass at ȳ.
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trimming the mass in the event v1 > ȳ:

E⋆[ζ(v0; η̃)|v1 > ȳ] ≡ E[ζ(v0; η̃)|v0 ∈ Y⋆
0 , v1 > ȳ] ≤ E[ζ(y0; η̃)|q⋆0(p̄⋆) ≤ y0 ≤ y⋆0], (44)

where q⋆0 is the quantile function of y0, conditional on y0 ≤ y⋆0, and we used F ∈ F⋆ in

the inequality. Notice that for any quantile α,

P[y0 ≤ q⋆0(α)] = P[y0 ≤ q⋆0(α)|v0 ∈ Y⋆
0 ]P[v0 ∈ Y⋆

0 ] = αp⋆0,

with p⋆0 ≡ P[y0 ∈ Y⋆
0 ] = P[v0 ∈ Y⋆

0 ] because F ∈ F⋆. This implies that q⋆0(α) = q0(αp
⋆
0).

In particular, q⋆0(p̄
⋆) = q0(p̄

⋆p⋆0) ≤ q0(p̄) because

p̄⋆p⋆0 = P[v0 ∈ Y⋆
0 , v1 ≤ ȳ] ≤ P[v1 ≤ ȳ] ≡ p̄. (45)

Using this observation with the law of iterated expectations in (44) gives

E⋆[ζ(v0; η̃)|v1 > ȳ]

≤ E [ζ(y0; η̃)|q0(p̄⋆p⋆0) ≤ y0 ≤ q0(p̄)]

(
p̄− p̄⋆p⋆0
p⋆0 − p̄⋆p⋆0

)
+ E [ζ(y0; η̃)|q0(p̄) ≤ y0 ≤ y⋆0]

(
p⋆0 − p̄

p⋆0 − p̄⋆p⋆0

)
≤ ζ(q0(p̄);−1)

(
p̄− p̄⋆p⋆0
p⋆0 − p̄⋆p⋆0

)
+ E [ζ(y0; η̃)|q0(p̄) ≤ y0 ≤ y⋆0]

(
p⋆0 − p̄

p⋆0 − p̄⋆p⋆0

)
≤

[
(τϵmax + ȳ)

(
p̄− p̄⋆p⋆0

p⋆0

)
+ E [ζ(y0; η̃)|q0(p̄) ≤ y0 ≤ y⋆0]

(
p⋆0 − p̄

p⋆0

)]
1

1− p̄⋆
, (46)

where the final inequality used Condition B⋆ and factored out 1/(1− p̄⋆).

For the second term of (42), we derive a lower bound by applying a similar trimming

argument:

E⋆[v1|v1 > ȳ] ≡ E[v1|v0 ∈ Y⋆
0 , v1 > ȳ] ≥ E

[
y1

∣∣∣ȳ < y1 ≤ q̄1

(
p⋆0 − p̄⋆p⋆0
1− p̄

)]
, (47)

where the trimming used the relationship

P[v0 ∈ Y⋆
0 |v1 > ȳ] =

P[v0 ∈ Y⋆
0 , v1 > ȳ]

P[v1 > ȳ]

=
P[v0 ∈ Y⋆

0 ]− P[v0 ∈ Y⋆
0 , v1 ≤ ȳ]

P[v1 > ȳ]
≡ p⋆0 − p̄⋆p⋆0

1− p̄
.
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Notice that for any quantile α,

P[y1 ≤ q̄1(α)] = P[y1 ≤ q̄1(α)|y1 ≤ ȳ]p̄+ P[y1 ≤ q̄1(α)|y1 > ȳ](1− p̄) = p̄+ α(1− p̄),

which combined with (47) implies that

E⋆[v1|v1 > ȳ] ≤ E [y1|ȳ < y1 ≤ q1 (p
⋆
0 + p̄− p̄⋆p⋆0)] .

We split this conditional expectation into two terms—recalling from (45) that p̄⋆p⋆0 ≤
p̄—then bound one part below by ȳ:

E⋆[v1|v1 > ȳ] ≥ E [y1|ȳ < y1 ≤ q1(p
⋆
0)]

(
p⋆0 − p̄

p⋆0 − p̄⋆p⋆0

)
+ ȳ

(
p̄− p̄⋆p⋆0
p⋆0 − p̄⋆p⋆0

)
=

[
E [y1|ȳ < y1 ≤ q1(p

⋆
0)]

(
p⋆0 − p̄

p⋆0

)
+ ȳ

(
p̄− p̄⋆p⋆0

p⋆0

)]
1

1− p̄⋆
. (48)

We now return to (42), substituting (46) and (48):

E⋆[ϵ] ≤ ϵmaxp̄
⋆ +

1

τ
(τϵmax + ȳ)

(
p̄− p̄⋆p⋆0

p⋆0

)
+

1

τ
E [ζ(y0; η̃)|q0(p̄) ≤ y0 ≤ y⋆0]

(
p⋆0 − p̄

p⋆0

)
− 1

τ
E [y1|ȳ < y1 ≤ q1(p

⋆
0)]

(
p⋆0 − p̄

p⋆0

)
− 1

τ
ȳ

(
p̄− p̄⋆p⋆0

p⋆0

)
= ϵmax

(
p̄⋆ +

p̄− p̄⋆p⋆0
p⋆0

)
+

1

τ
(E [ζ(y0; η̃)|q0(p̄) ≤ y0 ≤ y⋆0]− E [y1|ȳ < y1 ≤ q1(p

⋆
0)])

(
p⋆0 − p̄

p⋆0

)
=

p̄ϵmax
p⋆0

+
1

τ
(E [ζ(y0; η̃)|q0(p̄) ≤ y0 ≤ y⋆0]− E [y1|ȳ < y1 ≤ q1(p

⋆
0)])

(
p⋆0 − p̄

p⋆0

)
,

which is (p13-ub-ϵ) when evaluated at η̃ = ηmin. Similarly, substituting (46) and (48)

evaluated at η̃ = 0 into (43) produces (p13-ub-ϵu) because ζ(y0; 0) = y0.

To establish sharpness, assume that the model is not misspecified. Then η̄⋆ ∈ [−1, 0]

exists and for any deterministic η̃ ≤ η̄⋆, Proposition 12 implies that G0(ζ
−1(y; η̃)) ≤

G1(y) for all y ∈ (ȳ,min{ζ(¯̄y0; η̃), ¯̄y1}). Appealing to Lemma VX yields distribution

functions Φ0 and Φ1 such that Φ0(ζ
−1(y; η̃)) ≤ Φ1(y) for all y > ȳ.
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Next, we apply Lemma EX with Φ0, Φ1, η = η̃ deterministic, and

e ≡ τϵmax + (ȳ − E[ζ(y0; η̃)|y0 ≤ q0(p̄)])

≥ (ζ(q0(p̄);−1)− ȳ) + (ȳ − E[ζ(y0; η̃)|y0 ≤ q0(p̄)])

≥ E[ζ(y0;−1)|y0 ≤ q0(p̄)]− E[ζ(y0; η̃)|y0 ≤ q0(p̄)] ≥ 0, (49)

where the first inequality used Condition B⋆. The conclusion of Lemma EX is that

there exists an F ∈ F⋆
d with ϵ defined by (EX-ϵ), so that

E⋆
F [ϵ|B = 1] ≡ EF [ϵ|B = 1, v0 ∈ Y⋆

0 ]

= EF [ϵ|B = 1]

=
1

τ
(E[ζ(y0; η̃)|y0 ≤ q0(p̄)]− ȳ + e) = ϵmax, (50)

where the second equality follows from (EX-ϵ), the third equality is (EX-ϵ) with F ∈
F⋆
d, and the final equality substitutes the choice of e in (49). From (EX-ϵ-E) we also

obtain

E⋆
F [ϵ|B = 0] =

1

τ

(
E [ζ(y0; η̃)|q0(p̄) < y0 ≤ y⋆0]− E[y1|ȳ < y1 ≤ qu1 ]

)
,

as well as

P⋆
F [B = 1] ≡ PF [B = 1|v0 ∈ Y⋆

0 ] =
P[B = 1, v0 ∈ Y⋆

0 ]

P[v0 ∈ Y⋆
0 ]

=
p̄

p⋆0
.

Applying the law of iterated expectations, we conclude that

E⋆
F [ϵ] =

p̄ϵmax
p⋆0

+
1

τ

(
E[ζ(y0; η̃)|q0(p̄) < y0 ≤ y⋆0]− E[y1|ȳ < y1 ≤ qu1 ]

)(p⋆0 − p̄

p⋆0

)
. (51)

Now we evaluate (51) for different choices of η̃. If η̄⋆ ≥ ηmin, then we can take

η̃ = ηmin to obtain (p13-ub-ϵ). If η̄⋆ = 0, then we can take η = 0 to obtain (p13-ub-ϵu),

noting that ζ(y0; 0) = y0 and E⋆
F [ϵ

u] = E⋆
F [ϵ] in the absence of income effects. To show

that F ∈ F⋆ in either case, we still need to verify that E⋆
F [ϵ|B = 1] ≤ ϵmax and that

EF [η|v0, B = b] ≥ ηmin for b = 0, 1 and almost every v0 ≤ y⋆0. The first condition was

shown to be satisfied in (50). The second condition is satisfied because in either case

we set η = η̃ to be deterministic with η̃ ≥ ηmin.

The same arguments apply with minor changes if we additionally maintain Con-

dition D, so that η = η̃ is deterministic. In particular, redefine y⋆1 ≡ ζ(y⋆0; η̃), replace
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(39) with

E⋆[ϵ] =
1

τ
(E[ζ(y0; η̃)|y0 ∈ Y⋆

0 ]− E[v1|v0 ∈ Y⋆
0 ]) ,

and replacing (42) with

E⋆[ϵ] ≤ ϵmaxp̄
⋆ +

1

τ
(E⋆[ζ(v0; η̃)|v1 > ȳ]− E⋆[v1|v1 > ȳ]) (1− p̄⋆). (52)

The rest of the proof of both validity and sharpness then follow the same steps as when

η is heterogeneous. q.e.d.

SA.4 Sharp lower bounds on non-buncher elasticities

Proposition 5 provided the sharp lower bound on the average compensated elasticity

for non-bunchers, E[ϵ|B = 0], under a side condition that G′
1|0 and G′

0/(1 − p̄) only

cross once. In this appendix, we extend the result to characterize the sharp bound

when these two functions cross a finite number of times. As in Proposition 5, F⋆ is

defined by Conditions T and D. We assume throughout that F⋆ is non-empty so that

the model is not misspecified.

We start by transforming the problem into something more tractable. Each F ∈ F⋆

implies an average compensated elasticity for the non-bunchers:

γ(F ) ≡ EF [ϵ|ν(y0, ϵ, η) > ȳ] =
1

τ
(EF [z0|y1 > ȳ]− E [y1|y1 > ȳ]) ,

The sharp lower bound on this object is

γlb ≡ inf {γ(F ) : F ∈ F⋆} =
1

τ

(
inf {EF [z0|y1 > ȳ] : F ∈ F⋆} − E [y1|y1 > ȳ]

)
.

This expression shows that characterizing the sharp lower bound requires finding a

distribution of compensated elasticity F in the identified set F⋆ that produces the

smallest conditional average of the ZER, z0 ≡ ζ(y0; η), for the non-bunchers. In the

next proposition, we show that this problem is equivalent to finding a distribution of

the ZER that satisfies two restrictions.

Proposition SA.1. Suppose that η ∈ [−1, 0] is constant and let z0 ≡ ζ(y0; η). Let H
denote the set of all absolutely continuous and strictly increasing distribution functions

H such that H(z̄) = 0, where z̄ ≡ ζ(ȳ; η). Define the set

H⋆ ≡
{
H ∈ H : H ′(z) ≤ h0(z)

1− p̄
≡ h̄(z) and H(z) ≤ G1|0(z)

}
,
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where H ′(z) is the first derivative of H, h0(z) is the density of z0, and G1|0(z) ≡ P[y1 ≤
z|y1 > ȳ] is the distribution of system 1 earnings for the non-bunchers. Then H⋆ is

non-empty if and only if F⋆ is non-empty. When this is the case,

γlb =
1

τ

(
inf

{∫
zH ′(z) dz : H ∈ H⋆

}
− E[y1|y1 > ȳ]

)
.

Proof of Proposition SA.1. We will show that

{EF [z0|y1 > ȳ] : F ∈ F⋆} =

{∫
zH ′(z) dz : H ∈ H⋆

}
, (53)

which implies both that H⋆ is non-empty exactly when F⋆ is non-empty, and that the

infima of these two sets are the same.

First, take any F ∈ F⋆. Let ϵ be a random variable that has distribution F ,

conditional on y0. Then define the virtual earnings

v ≡ y0 − ηπ(y0)− τϵ ≡ z0 − τϵ.

Because F ∈ F⋆, this virtual earnings function satisfies

PF [v > ȳ] = PF [y1 > ȳ] = 1−G1(ȳ) ≡ 1− p̄.

Define the distribution function

H(z) ≡ PF [z0 ≤ z|v > ȳ],

which satisfies H(z̄) = 0, because P[z0 ≤ z̄] = 0. Also, because ϵ ≥ 0 under F ,

H(z) ≤ PF [z0 − τϵ ≤ z|v > ȳ] = PF [y1 ≤ z|y1 > ȳ] = G1|0(z),

where the inequality used the fact that ζ(z; η) ≡ z−ηπ(z) ≥ z, and the second equality

used F ∈ F⋆. Using the law of total probability, H also satisfies

H0(z) = H(z)P[v > ȳ] + P[z0 ≤ z|v ≤ ȳ]P[v ≤ ȳ]

for all z. The derivative of the second term with respect to z is non-negative, so

differentiating both sides with respect to z implies that

h0(z) ≥ H ′(z)P[v > ȳ] = H ′(z)(1− p̄). (54)
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So, H ∈ H⋆. Moreover, the definition of H ensures that∫
zH ′(z) dz = EF [z0|v > ȳ] = EF [z0|y1 > ȳ].

This establishes one direction of the set inclusion in (53).

Conversely, suppose that H ∈ H⋆. Let u be a random variable that is independent

of y0 (so also z0) and has a uniform distribution on [0, 1]. Let ū(z) ≡ H ′(z)/h̄(z) ≡
H ′(z)(1 − p̄)/h0(z). Note that because u and z0 are independent, and u is uniformly

distributed on [0, 1],

P[u > ū(z0)] = 1− E[ū(z0)] = 1−
∫

H ′(z)(1− p̄)

h0(z)
h0(z)dz = p̄, (55)

because every H ∈ H⋆ is a distribution function. Define the virtual earnings

v ≡

q1|0(H(z0)), if 1[u ≤ ū(z0)].

ȳ − τe, if 1[u > ū(z0)].
(56)

where q1|0(p) denotes the pth quantile of y1, conditional on y1 > ȳ, and e ≥ 0 is any

non-negative constant. Use the virtual earnings to define the random variable

ϵ̃ ≡ 1

τ
(z0 − v) , (57)

and let F denote the distribution of ϵ̃, conditional on y0. We will show that F ∈ F⋆,

and that the conditional expectation of z0 for the non-bunchers under F is equal to

the expectation of H.

We start by showing that if ϵ̃ follows distribution F , then the implied distribution

of z0 for the non-bunchers is just H. First, notice that

PF [z0 ≤ z|y1 > ȳ] = PF [z0 ≤ z|z0 > ȳ + τ ϵ̃]

= P[z0 ≤ z|v > ȳ] = P[z0 ≤ z|u ≤ ū(y0)], (58)

where the first equality used (ve), the second used (57), and the final one used (56)
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together with e ≥ 0. Manipulating (58) shows that

PF [z0 ≤ z|y1 > ȳ] = E [1[z0 ≤ z]1[u ≤ ū(z0)]] /(1− p̄)

= E [1[z0 ≤ z]P[u ≤ ū(z0)|z0]] /(1− p̄)

= E [1[z0 ≤ z]ū(z0)] /(1− p̄)

=

∫ z

−∞

H ′(w)

h̄(w)

h0(w)

1− p̄
dw = H(z). (59)

An implication is that

EF [z0|y1 > ȳ] =

∫
zH ′(z) dz.

We complete the argument by showing that F ∈ F⋆. First, F ∈ F† because

PF [ϵ̃ ≥ 0] = P[v ≤ z0]

= P[v ≤ z0, u ≤ ū(z0)] + P[v ≤ z0, u > ū(z0)]

= P
[
q1|0(H(z0)) ≤ z0, u ≤ ū(z0)

]
+ P [ȳ − τe ≤ z0, u > ū(z0)]

= P
[
H(z0) ≤ G1|0(z0), u ≤ ū(z0)

]
+ P [ȳ ≤ z0 + τe, u > ū(z0)] = 1,

where the final equality used H ∈ H⋆ and the fact that z0 ≡ ζ(y0; η) ≥ y0 ≥ ȳ together

with e ≥ 0. Second, to show that F ∈ F⋆, we first use the definition of ϵ̃ to see that

PF [y1 ≤ y] = PF [z0 − τ ϵ̃ ≤ y] = P[v ≤ y]. Then, we use the definition of v together

with (55) to conclude that

PF [y1 ≤ y] = P[q1|0(H(z0)) ≤ y|u ≤ ū(z0)](1− p̄)

+ P[ȳ − τe ≤ y|u > ū(z0)]p̄

= P[H(z0) ≤ G1|0(y)|u ≤ ū(z0)](1− p̄) + p̄

= G1|0(y)(1− p̄) + p̄ = G1(y),

where the second-to-last equality used the finding (58)–(59) that PF [z0 ≤ z|u ≤
ū(z0)] = H(z), and the final equality used P[y1 > ȳ] = 1−p̄ together with P[y < ȳ] = 0.

This concludes the proof. q.e.d.

Proposition SA.1 shows that we can establish sharpness by characterizing the small-

est mean that can be formed from H ∈ H⋆. The set H⋆ depends on the observed

distribution functions H0 and G1|0. Let h0 and g1|0 denote their respective densities,

and recall the definition h̄(z) ≡ h0(z)/(1− p̄). In what follows, we impose the following

S23



assumption, which says that h̄(z) and g1|0(z) only intersect finitely many times. We

state the assumption in terms of their difference, which we denote as

∆(z) ≡ h0(z)

1− p̄
− g1|0(z).

Assumption SA.1. (Finite intersections) There exist a finite number of points

x0 ≡ z̄ < x1 < · · · < xI−1 < xI ≡ ∞ such that the sign of ∆(z) is constant on each

open interval (xi−1, xi), i = 1, . . . , I.

We show in the following proposition that Assumption SA.1 makes it possible to explic-

itly characterize an H ∈ H⋆ that attains the smallest mean and thereby also constructs

γlb, the sharp lower bound for non-bunchers.

Proposition SA.2. Suppose that Assumption SA.1 holds. Then H⋆ contains a func-

tion H⋆ with derivative given by

h⋆(z) ≡ d

dz
H⋆(z) =


h0(z)
1−p̄ if H⋆(z) < G1|0(z)

min
{
g1|0(z),

h0(z)
1−p̄

}
if H⋆(z) ≥ G1|0(z)

(60)

for almost every z. Moreover, H⋆(z) ≥ H(z) for any other H ∈ H⋆ and all z ≥ z̄. As

a consequence,

γlb =
1

τ

(∫
zh⋆(z) dz − E[y1|y1 > ȳ]

)
.

Proof of Proposition SA.2. We proceed in three steps. First, we show that the

claimed function H⋆ exists. Second, we show that H⋆ ∈ H⋆. Third, we show that

H⋆(z) ≥ H(z) for any other H ∈ H⋆ and all z ≥ z̄. This third point implies that∫
zh⋆(z) dz ≤

∫
zdH(z) for any other H ∈ H⋆. Appealing to Proposition SA.1 then

provides the sharpness conclusion.

1. Existence. We construct H⋆ recursively on the intervals (xi−1, xi] defined by

Assumption SA.1. Set H⋆(z̄) = 0, noting that this is necessary for H⋆ ∈ H⋆ ⊆ H and

that it trivially implies H⋆(z̄) ≤ G1|0(z̄). Suppose that H⋆ has been constructed on

[z̄, xi−1] for some i, with H⋆(z) ≤ G1|0(z) for all z ∈ [z̄, xi−1], and derivative satisfying

(60). We will show how to extend the construction to (xi−1, xi] while ensuring that

H⋆(z) ≤ G1|0(z) for all z ∈ (xi−1, xi].

By Assumption SA.1, ∆(z) has constant sign on (xi−1, xi). This creates two cases

which we treat separately.
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The first case is when the sign of ∆(z) is negative, so that h0(z)/(1− p̄) < g1|0(z)

for all z ∈ (xi−1, xi). Define H⋆(z) for z ∈ (xi−1, xi] as

H⋆(z) ≡ H⋆(xi−1) +

∫ z

xi−1

h0(x)

1− p̄
dx. (61)

Because the integrand is integrable, H⋆ is absolutely continuous on (xi−1, xi]. Because

H⋆(xi−1) ≤ G1|0(xi−1) by the induction assumption and h0(z)/(1 − p̄) < g1|0(z), we

conclude that H⋆(z) < G1|0(z) for all z ∈ (xi−1, xi]. Differentiating (61) shows that

(60) holds for almost every z ∈ (xi−1, xi].

The second case is when the sign of ∆(z) is positive, so that h0(z)/(1− p̄) > g1|0(z)

for all z ∈ (xi−1, xi). We make use of an intermediate construction involving the

function defined as

H̃(z) ≡ H⋆(xi−1) +

∫ z

xi−1

h0(s)

1− p̄
ds. for all z ∈ (xi−1, xi].

The induction assumption is that H̃(xi−1) = H⋆(xi−1) ≤ G1|0(xi−1). Let ti denote the

first point at which H̃(z) crosses G1|0(xi−1) on [xi−1, xi]:

ti ≡ inf{z ∈ [xi−1, xi] : H̃(z) ≥ G1|0(z)}.

If the set is empty, then we let ti = xi. We conclude that H̃(z) ≤ G1|0(z) for all

z ∈ (xi−1, ti] and H̃(z) ≥ G1|0(z) for all z ∈ [ti, xi].

Now we use H̃ to define H⋆ on (xi−1, xi] as

H⋆(z) ≡

H̃(z) z ∈ (xi−1, ti),

H̃(ti) +
∫ z
ti
g1|0(s)ds z ∈ [ti, xi].

Then H⋆(z) ≤ G1|0(z) for all z ∈ (xi−1, ti) and H⋆(z) = G1|0(z) for all z ∈ (ti, xi]. It

follows immediately from the definition of H⋆ that it is absolutely continuous. When

H⋆(z) < G1|0(z), so that z < ti, the derivative of H⋆ is h⋆(z) = h̃(z) = h0(z)/(1 − p̄)

for z < ti, which satisfies (60). When H⋆(z) = G1|0(z), so that z ≥ ti, the derivative of

H⋆ is g1|0(z), which is smaller than h0(z)/(1− p̄) for all z ∈ (xi−1, xi] because ∆(z) ≥ 0.

We conclude that (60) is satisfied for all z ∈ (xi−1, xi].

2. H⋆ ∈ H⋆. We now show that H⋆ ∈ H⋆. We have already established that H⋆

is absolutely continuous and strictly increasing with h⋆(z) ≤ h0(z)/(1 − p̄) and that

H⋆(z) ≤ G1|0(z) for all z ≥ z̄. It remains to show that H⋆ is a well-defined distribution
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on [z̄,∞). Because H⋆(z̄) = 0, the only remaining property we need to verify is that

limz→∞H⋆(z) = 1.

We have shown that our construction of H⋆ either satisfies H⋆(z) = G1|0(z) or

H⋆(z) < G1|0(z) and that it switches between these cases at only a finite number of

z ≥ z̄ determined by the points ti. This implies that there exists a terminal t† ≥ z̄ such

that either H⋆(z) = G1|0(z) for all z ≥ t† or H⋆(z) < G1|0(z) for all z ≥ t†. The first

case immediately implies the desired property that limz→∞H⋆(z) = limz→∞G1|0(z) =

1, because G1|0(z) is itself a distribution function.

Consider the second case, in which H⋆(z) < G1|0(z) for all z > t†. Then limz→∞

H⋆(z) ≤ 1. Because H⋆ and G1|0 cross only a finite number of times, we know that

H⋆(t†) = G1|0(t
†). For z > t† we get from (60) that

H⋆(z) = H⋆(t†) +

∫ z

t†

h0(s)

1− p̄
ds = G1|0(t

†) +
H0(z)−H0(t

†)

1− p̄
.

Taking limits gives

lim
z→∞

H⋆(z) = G1|0(t
†) +

1−H0(t
†)

1− p̄

≥ G1|0(t
†) +

1−G1(t
†)

1− p̄

= G1|0(t
†) +

1− p̄−G1|0(t
†)(1− p̄)

1− p̄
= 1,

where the inequality used Proposition 4 together with our premise that the model is

not misspecified. We conclude that limz→∞H⋆(z) = 1, so that H⋆ ∈ H⋆.

3. Maximality. Consider some H ∈ H⋆. Suppose by way of contradiction that

H(z) > H⋆(z) for some z > z̄. Define

z̃ ≡ inf {z > z̄ : H(z) > H⋆(z)} .

Then H(z) ≤ H⋆(z) for all z < z̃. Because H⋆ contains only continuous functions,

H(z̃) = H⋆(z̃) and there exists a δ > 0 such that H(z) > H⋆(z) for all z ∈ (z̃, z̃ + δ).

Let D(z) ≡ H(z) − H⋆(z). Then D is absolutely continuous, D(z̃) = 0, and

D(z) > 0 on (z̃, z̃+ δ). This implies that D has a derivative D′(z) = h(z)− h⋆(z) that

is strictly positive on a set of positive measure Z contained in (z̃, z̃ + δ). Let s ∈ Z be

any point at which H, H⋆, and D are all differentiable, so that h(s) > h⋆(s), noting

that the complement set has measure zero. Then G1|0(s) ≥ H(s) > H⋆(s). However,
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the definition of H⋆—in particular (60)—implies that

h(s) > h⋆(s) =
h0(s)

1− p̄
,

which contradicts the properties of H ∈ H⋆. We conclude that no such H can exist.

q.e.d.

SA.5 Computational approach

In this appendix, we develop a computational method for constructing bounds under

the assumption that (ϵ, η) has known finite support.

Condition FS. (Finite support) F† is the subset of F under which
∑J

j=1 PF [ϵ =

ϵj , η = ηj ] = 1, where {(ϵj , ηj)}Jj=1 ⊂ [0,∞)× [−1, 0] is a known set.

Consider any F ∈ F⋆, where F⋆ is given by (id). Let {Y0,k}Kk=1 be a partition of

the support of y0. If ¯̄y0 ̸= ∞, then make the last interval Y0,K = (¯̄y0,∞). Because

F ∈ F⋆, P[v0 ∈ Y0,k] = P[y0 ∈ Y0,k] is known for all k. Then define

πF (j|k) ≡ PF [ϵ = ϵj , η = ηj |v0 ∈ Y0,k].

Let πF collect the shares πF (j|k) over all (j, k).

SA.5.1 Target parameters

We consider any parameter of the form c′πF for known c. Examples include averages

of the labor supply elasticities such as

EF [ϵ
u] =

∑
j,k

πF (j|k) × (ϵj + ηj)PF [v0 ∈ Y0,k] =
∑
j,k

πF (j|k) × (ϵj + ηj)P[y0 ∈ Y0,k]︸ ︷︷ ︸
known

,

where the second equality holds for any F ∈ F⋆. Conditional averages among subpop-

ulations defined by partition points can also be expressed in this form. For example,

if Y0,k⋆ has right endpoint y⋆0, then

EF [ϵ
u|v0 ≤ y⋆0] =

∑
j,k

πF (j|k) ×
(ϵj + ηj)1[k < k⋆]P[y0 ∈ Y0,k]

P[y0 ≤ y0,k⋆ ]︸ ︷︷ ︸
known

.
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SA.5.2 The identified set

If F ∈ F⋆, then the possible values of πF are constrained by the observed distribution

of y1. For any y ≥ ȳ, we must have

G1(y) =
∑
j,k

πF (j|k) PF [ν(v0, ϵj , ηj) ≤ y|ϵ = ϵj , η = ηj , v0 ∈ Y0,k]P[y0 ∈ Y0,k], (62)

where we again used that PF [v0 ∈ Y0,k] = P[y0 ∈ Y0,k].

If Y0,k were a singleton, then the conditional probability in (62) would be either

zero or one. Because Y0,k is an interval, this probability may be unknown for some

(j, k). Because ν(v0, ϵ, η) is strictly increasing in v0, lower and upper bounds on these

probabilities are obtained by evaluating ν at the interval endpoints:

Il(y) ≡ {(j, k) : ν(y0,k+1, ϵj , ηj) ≤ y} and Iu(y) ≡ {(j, k) : ν(y0,k, ϵj , ηj) ≤ y} .

It follows that

G1(y) ≥
∑
j,k

πF (j|k) 1[(j, k) ∈ Il(y)]P[y0 ∈ Y0,k]︸ ︷︷ ︸
known

, (63)

and G1(y) ≤
∑
j,k

πF (j|k) 1[(j, k) ∈ Iu(y)]P[y0 ∈ Y0,k]︸ ︷︷ ︸
known

. (64)

Define the set that satisfies (63)–(64) as

Π⋆ ≡
{
πF : πF (j|k) ∈ [0, 1] ∀ (j, k),

∑
j

πF (j|k) = 1 ∀ k = 1, . . . ,K,

(63)-(64) hold ∀ y ∈ {y1,m}Mm=1

}
.

Then Π⋆ is an outer set in the sense that F ∈ F⋆ implies that πF ∈ Π⋆. Outer bounds

on the target parameters can be computed by optimizing over Π⋆:

β⋆
l ≡ min

π∈Π⋆
c′π and β⋆

u ≡ max
π∈Π⋆

c′π. (65)

These optimization programs are linear programs with finitely many constraints. Their

optimal values constitute outer bounds: if F ∈ F⋆, then c′πF ∈ [β⋆
l , β

⋆
u].

SA.5.3 Imposing additional assumptions

Additional assumptions can be imposed by incorporating additional linear constraints

on πF into the definition of Π⋆. An example of such an assumption is that η is a known
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and deterministic constant, which can be imposed by setting πF (j|k) = 0 whenever

ηj ̸= η. Another example is the assumption that E[ϵ|y0 ∈ Y0,k] is bounded for all k.

We can also impose assumptions on buncher and non-buncher averages by replacing

πF (j|k) with πF (j,b|k) ≡ P[ϵ = ϵj , η = ηj , B = b | v0 ∈ Y0,k] for b = 0, 1. We restrict

attention to primitives that satisfy the restrictions implied by bunching: set πF (j,0|k) =

0 whenever no v0 ∈ Y0,k satisfies ν(v0, ϵj , ηj) > ȳ and set πF (j,1|k) = 0 whenever no

v0 ∈ Y0,k satisfies ν(v0, ϵj , ηj) ≤ ȳ. Apart from this refinement, the same approach

applies.

SA.5.4 Empirical results

We apply the computational approach to compute approximate sharp bounds for our

results in Section 8. We discretize ϵ and η into 50 and 30 values, respectively, concen-

trating mass near zero and allowing the compensated elasticity to have a long upper

tail. We have experimented with different discretization strategies and found similar

conclusions.

As in Section 8, we use the distribution of y0 up to the 10th quantile and the full

distribution of y1. We partition the observed portions of y0 and y1 into quantile-spaced

intervals. We construct bounds on E[ϵ | ȳ < v0 ≤ y⋆0] and E[ϵu | ȳ < v0 ≤ y⋆0], where

y⋆0 is the 10th quantile. These are the same parameters reported in Table 4. To assess

sensitivity to discretization, we vary the number of intervals in each partition.

We first compare the computational upper bounds to the sharp upper bounds in

Table 4. For coarse partitions, the computational upper bounds lie noticeably above

the sharp analytic bounds. As the grid is refined, they quickly converge. Figure SA.5

shows this pattern for the compensated elasticity under three assumptions: (i) ϵmax = 1

in green, (ii) ϵmax = 1 and ηmin = −0.1 in red, and (iii) ϵmax = 1 and no income effects

in blue. The dotted lines show the sharp upper bounds from Table 4, and the solid

curves show the computational upper bounds as the grid size varies. With 500 intervals,

the computational upper bounds are within 0.01 of the sharp upper bounds. The same

pattern holds for the upper bounds on the uncompensated elasticities, which do not

vary across the maintained assumptions in Table 4. The computational lower bounds

are always zero, regardless of the grid, reinforcing our conclusion that zero is indeed

the sharp lower bound.
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Figure SA.5: Comparing explicit and computational bounds

Notes: This figure presents upper bounds on E[ϵ|y0 ≤ y⋆0 ] under three different assumptions: ϵmax = 1 in
green, ϵmax = 1 and ηmin = −0.1 in red, and ϵmax = 1 and no income effects in blue. The dotted lines
depict the sharp upper bounds from Table 4, and the solid curves depict the upper bounds obtained from the
computational approach as we vary the grid size.
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