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Abstract

We revisit the classic identification problem of separating supply and demand for a ho-
mogeneous good using data from multiple markets. We allow markets to be heterogeneous
according to unobservables, a feature that arises if there are unobservable differences in
consumer preferences or firm technology. We develop a new identification analysis based
on hypothetical market types. We use this analysis to show how nonparametric, eco-
nomically motivated assumptions carry empirical restrictions for a wide range of target
parameters, including elasticities, but also welfare parameters, such as consumer surplus.
Then, we develop computationally tractable methods for implementing partially identified
linear random coefficients models in which the slopes of supply and demand are hetero-
geneous. We apply these methods to estimate the welfare impact and incidence of sales
taxes in the United States.

1 Introduction

The original identification problem in econometrics is to separate the supply and demand
for a single homogeneous good using data from multiple markets (Wright, 1915, 1928;
Tinbergen, 1930/1995; Schultz, 1938). This problem has traditionally been analyzed us-
ing linear models with constant coefficients (for example, Haavelmo, 1943; Koopmans
and Hood, 1953; Fisher, 1966). Identification in that classical model was already well-
understood when Goldberger (1972) surveyed it in his Schultz Lecture.

∗Gaarder: Harris School of Public Policy, University of Chicago. Henry de Frahan and Torgovitsky: Kenneth
C. Griffin Department of Economics, University of Chicago. Mogstad: Kenneth C. Griffin Department of
Economics, University of Chicago; NBER; Statistics Norway. Volpe: Department of Economics, Harvard Uni-
versity. Margaret Chen, Utkarsh Dandanayak, and Arnstein Vestre provided outstanding research assistance.
An early draft of this paper was circulated under the title “Linear Supply and Demand in Heterogeneous
Markets,” dated November 15, 2024. We thank Josh Angrist for a helpful comment.

Disclaimer: Researcher(s)’ own analyses calculated (or derived) based in part on data from Nielsen
Consumer LLC and marketing databases provided through the NielsenIQ Datasets at the Kilts Center for
Marketing Data Center at The University of Chicago Booth School of Business. The conclusions drawn from
the NielsenIQ data are those of the researcher(s) and do not reflect the views of NielsenIQ. NielsenIQ is not
responsible for, had no role in, and was not involved in analyzing and preparing the results reported herein.



In the time since Goldberger’s lecture, there has been a shift in econometrics towards
methods that incorporate unobserved heterogeneity. This shift has been particularly im-
portant in models with instrumental variables (Heckman, 1976, 2001; Imbens and Angrist,
1994; Mogstad and Torgovitsky, 2024). The vast majority of this research has focused on
models without simultaneity.

Yet simultaneity continues to be an important concern in many strands of empirical re-
search. Examples include estimating the demand for oil (Kilian, 2009) or gasoline (Hughes
et al., 2008; Coglianese et al., 2017), estimating regional Phillips curves (McLeay and
Tenreyro, 2020; Hazell et al., 2022), estimating the supply of housing (Saiz, 2010), health
insurance (Hackmann et al., 2015), the incidence of employer-provided non-pecuniary
benefits (Saez et al., 2012) or corporate taxes (Suárez Serrato and Zidar, 2016), and the
demand for agricultural goods in developing countries (Bergquist and Dinerstein, 2020).
The industrial organization literature makes heavy use of simultaneous equations, often
using discrete choice models in a more complicated context with multiple differentiated
products (for example, Berry, 1994; Berry et al., 1995; Gandhi and Nevo, 2021; Berry and
Haile, 2021).

In this paper, we take a fresh look at incorporating unobserved market-level hetero-
geneity into the classical model with a single homogeneous good. Our starting point is
Manski’s (1994, 1997) observation that even in a model with unrestricted heterogene-
ity, unrestricted nonlinearity, and no instruments, the natural economic assumption of
downward-sloping demand has empirical content. The bounds produced by only this as-
sumption tend to be wide (unsurprisingly) and are usually too wide to be particularly
useful. However, they point to the optimistic possibility that combining multiple as-
sumptions with instruments could lead to more informative conclusions. Exploring this
possibility requires taking an approach to identification analysis that is more flexible than
the one used by Manski.

We develop a new approach based on hypothetical market types. Each hypothetical
market type is a combination of equilibrium price and quantity pairs taken across different
possible realizations of an instrument. In the simplest case of a binary instrument, a
market type is defined as two pairs of price and quantity. We develop a graphical analysis
that shows how assumptions motivated by economic reasoning, such as downward-sloping
demand or monotonicity in a shifter, restrict the number of a priori possible market types.
Assumptions that eliminate market types leave fewer types to explain the data, leading
to tighter identified sets (bounds) on interesting target parameters.

Our approach uses similar logic as arguments about choice types (Robins and Green-
land, 1992; Heckman and Pinto, 2018), also called principal strata (Frangakis and Rubin,
2002). These arguments have been used to good effect in models without simultaneity,
most famously through the monotonicity condition introduced by Imbens and Angrist
(1994). We show how the version of the monotonicity condition suggested by Angrist
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et al. (2000) can be combined with downward-sloping demand, and with the “Ramsey
Exclusion Restriction” considered by Zoutman et al. (2018). We develop a computational
approach for computing sharp nonparametric bounds under any combination of these
assumptions, as well as others that a researcher may wish to maintain.

As a first step, we apply our approach to the Fulton fish market data used by Graddy
(1995) and Angrist et al. (2000). We show that fully nonparametric bounds that allow for
arbitrary market heterogeneity can rule out the possibility of inelastic demand. The non-
parametric bounds also do not contain the linear instrumental variables (IV) estimand,
which is attenuated towards zero. We show that this finding has a clear theoretical expla-
nation that is likely at play in many empirical settings: linear IV estimands overweight
markets where the instrument has a larger impact on moving equilibrium prices. This
will typically mean that linear IV estimands will overweight markets that are less elastic,
leading to attenuation.

Next, we adapt our methodology to incorporate the assumption that each market has
a linear (or log-linear) demand and/or supply function, but with heterogeneous slopes.
The result is a random coefficients model. We show that the random coefficients model
is still partially identified, but that conservative prior assumptions on the magnitude
of the demand and/or supply functions can produce remarkably informative bounds on
interesting target parameters. A notable consequence of our partial identification approach
is that we can also produce informative bounds on target parameters that involve both
demand and supply together, such as deadweight loss, even with only a supply shifter as
an instrument. A classical analysis with constant coefficients would conclude that such
a parameter is unidentified without the availability of a demand shifter to identify the
supply coefficient.

Our findings are interesting in the context of Masten’s (2018) study of the same ran-
dom coefficients model under simultaneity. Masten showed that continuous instruments
are necessary and—under additional strong assumptions—also sufficient for point iden-
tification. The bounds we obtain use only a binary instrument, but in many cases are
remarkably narrow. The implication is that even when the random coefficients model is
not point identified, it can still contain considerable empirical content.

We then make our analysis more scalable by smoothing the heterogeneity across market
types in the random coefficients model. We assume that the distribution of the random
coefficients follows a linear basis expansion, as in sieve methods (for example, Chen, 2007).
This provides the researcher the flexibility to consider anything from a tightly specified
parametric model to an extremely expressive model that becomes nonparametric as the
number of terms in the basis expansion increases.

We show how to compute and estimate sharp bounds on standard target parameters,
such as features of the distribution of demand, surplus measures, or deadweight loss. We
entertain two methods: a full information method that matches the full distribution of
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the observables and a limited information method that matches only the coefficients pro-
duced by reduced form linear regressions. Computation for either method involves solving
convex, linearly constrained quadratic programming problems, so is feasible in high dimen-
sions and with typical sorts of covariate specifications. Because estimation acknowledges
the possibility of partial identification, we do not need to make any assumptions about the
available instrument variation, making the methods applicable with the types of discrete
instruments and/or covariates commonly encountered in practice.

We apply our methodology to estimate the welfare impact and incidence of sales taxes
in the United States using changes in sales taxes as the instrument. A constant coeffi-
cients model employing the Ramsey exclusion restriction (Zoutman et al., 2018) yields
a point estimate of the (constant) demand elasticity of 0.62 and a point estimate of the
(constant) supply elasticity of 5.81. The random coefficients model produces bounds on
the cross-market average demand elasticity of [0.71, 0.96]. Bounds on the average supply
elasticity are [3.91, 11.60], considerably wider than for demand, which suggests more ambi-
guity in supply than demand when allowing for unobserved heterogeneity across markets.
Despite this ambiguity, the random coefficients model produces a near-point estimate of
0.91 for consumer incidence, which is almost identical to the constant coefficients estimate.
The model also produces near-point estimates of $0.05 per dollar of tax revenue for the
deadweight loss of a marginal tax increase, again similar to the constant coefficients esti-
mate. The results show that the estimated welfare impacts of sales taxes from a constant
coefficients model are quite robust to allowing for rich unobserved heterogeneity across
markets, even while this heterogeneity produces considerable ambiguity in the underlying
elasticities of supply and demand.

The paper is organized as follows. In the next section, we lay out the general model
and identification problem, then provide intuition for our approach based on market types.
In Section 3, we consider the random coefficients model, including the attenuation under
heterogeneity that occurs with linear IV estimators. In Section 4, we develop our approach
for smoothing heterogeneity in the linear random coefficients model. Section 5 contains
our application to sales taxes. We give some brief concluding remarks in Section 6.

2 Nonparametric Models with Unrestricted Heterogeneity

In this section, we consider a fully nonparametric model that allows for unrestricted
unobserved heterogeneity. We show that common IV assumptions still have identifying
power for this model, despite its lack of restrictions on functional form or heterogeneity.
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2.1 Model and notation

Suppose that demand and supply are given by the structural functions

qd(p, Z,B) and qs(p, Z,B), (1)

where p is a hypothetical price, Z is a vector of observable covariates and/or instruments,
and B is a latent variable of arbitrary dimension that captures unobserved heterogeneity
across markets. Quantity and/or price could be measured in levels or logs.

We assume throughout that a unique equilibrium exists for any realization of (Z,B).
The researcher observes price-quantity pairs (P,Q) that are assumed to satisfy the equi-
librium condition

Q = qd(P,Z,B) = qs(P,Z,B). (2)

The equilibrium price and quantity pairs can also be represented as reduced form functions
of (Z,B) that we denote as

Q = qe(Z,B) and P = pe(Z,B). (3)

The population consists of distinct, separated markets.
Both the structural equations (1) and the reduced form (3) can be expressed with

potential outcomes notation (Manski, 1997; Angrist et al., 2000). For any fixed values p
and z, let

Qd(p, z) ≡ qd(p, z,B) and Qs(p, z) ≡ qs(p, z,B) (4)

denote the quantities that would be demanded or supplied if the price and instrument
were externally set to p and z. Let

Qe(z) ≡ qe(z,B) and P e(z) ≡ pe(z,B) (5)

denote the equilibrium quantity and price that would satisfy equation (2) if the instrument
alone were externally set to z. The randomness in both the “structural” potential outcomes
Qd(p, z), Qs(p, z) and the reduced form potential outcomes Qe(z), P e(z) is due to the
latent variable B, which is left implicit in potential outcomes notation. In this section,
we use the potential outcomes notation without explicit reference to B, which turns out
to be more straightforward for a nonparametric analysis. In Section 3, we incorporate B
explicitly into a linear random coefficients specification.

Matzkin (2008, 2015) and Berry and Haile (2018) considered a model like (1) under the
assumption that B is two-dimensional, with one component entering qd and one entering
qs, together with the assumption that both of these functions are strictly increasing in
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their respective component of B. This model imposes rank invariance in the structural
potential outcomes (see Chernozhukov and Hansen, 2005; Torgovitsky, 2015), which does
not allow for the type of flexible unobserved heterogeneity we want to consider. For
example, it does not allow for a simple linear random coefficients model, which has four
unobservables (two intercepts and two slopes). The benefit of assuming that B is two-
dimensional is that it makes it possible to construct an invertible mapping between B and
the two-dimensional observable pair (P,Q). Matzkin (2008) and Berry and Haile (2018)
used this observation to provide sufficient conditions for point identification. A model
with multi-dimensional B does not admit such an invertible mapping, so we begin by
confronting the identification problem from first principles.

2.2 The identification problem

The data consists of market-level observations on (P,Q,Z) sampled from a population
of markets. Suppose that we knew the population distribution of (P,Q,Z). What could
we learn about the supply and demand curves from this knowledge? This is the essential
question of identification, the answer to which must form the foundation of any coherent
empirical analysis.

The starting point for the identification analysis is the relationship between the ob-
served distribution of price and quantity and the unobserved potential equilibrium out-
comes:

P[P ≤ p,Q ≤ q|Z = z] = P[P e(z) ≤ p,Qe(z) ≤ q|Z = z]. (6)

The left-hand side of (6) is assumed to be known for any p, q, and z. Because Q = Qe(Z)
and P = P e(Z), the distribution of the potential reduced form outcomes, (P e(z), Qe(z)),
is directly identified conditional on Z = z, but not conditional on Z = z′ ̸= z, nor
unconditionally.

The distributions of the reduced form potential outcomes, P e(z) and Qe(z), will often
be insufficient to answer questions of interest. Many questions of interest involve the
structural functions, Qs(p, z) and Qd(p, z). Simultaneity means that these structural
potential outcomes are only indirectly related to the reduced form potential outcomes
through the equilibrium condition (2).

Manski (1994, 1995, 1997) showed that if the structural demand function is assumed
to slope in the expected downward direction, then non-trivial bounds can be placed on
the distribution of Qd(p, z) at any given (p, z). In particular, Manski (1997, Proposition
M1, Corollary M1.1) showed that if Qd(p, z) is decreasing in p, then (6) implies that

P[Qd(p, z) ≤ q|Z = z] ∈
[

P[P ≤ p,Q ≤ q|Z = z], P[P < p or Q ≤ q|Z = z]
]
. (7)

Manski observed that these bounds are sharp—best possible given the assumptions—and
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that they translate immediately into sharp bounds on any feature of the distribution of
structural demand that is monotone with respect to first-order stochastic dominance, such
as a mean or quantile. Sharp as they are, we will see ahead that they tend to be quite
wide in practice, motivating the adoption of additional assumptions.

2.3 Instruments

The classic additional assumption is that Z contains an instrumental variable (IV) that
shifts supply but not demand. For notational purposes, we assume for now that Z doesn’t
contain any other non-instrument covariates, although in principle they could be condi-
tioned on. The baseline IV assumptions can then be stated as follows.

Baseline IV Assumptions.

Exclusion: Qd(p, z) = Qd(p, z′) ≡ Qd(p) for all z and z′.

Exogeneity: Z is jointly independent of {(Qd(p), Qs(p, z))}p,z.

The exclusion and exogeneity assumptions are standard for IV models: exclusion says
that Z is a supply shifter that has no impact on demand, while exogeneity says that Z is
independent of all other latent factors that determine supply and demand. The exogeneity
assumption can be stated equivalently using the latent random variable B.

Exogeneity (stated with latent variables): Z is independent of B.

Manski and Pepper (2000, Proposition 2, Corollary 2) showed that the baseline IV
assumptions strengthen the bounds in (7) to the intersection bounds

P[Qd(p) ≤ q] ∈
[

sup
z

P[P ≤ p,Q ≤ q|Z = z], inf
z

P[P < p or Q ≤ q|Z = z]
]
. (8)

These bounds are also sharp, although they still tend to be quite wide in practice. In
addition, as Manski and Pepper (2000, pg. 1005) acknowledge, because (8) are pointwise
sharp bounds, they will generally produce non-sharp bounds on target parameters that
compare Qd(p0) and Qd(p1) at two different prices, such as the change in demand between
two hypothetical prices. With this pessimistic backdrop as our starting point, we now
consider alternative strategies for obtaining more informative conclusions. This involves
taking a different approach to the identification analysis.

2.4 Market types

Let Y ≡ (P,Q) denote the equilibrium price and quantity pairs. We begin by focusing on
simple cases in which Y has discrete support and Z ∈ {0, 1} is a binary supply shifter.
Suppose that the population distribution of Y |Z = z has only two points of support
for each value of z. We write these points as {y0a, y0b} for z = 0 and as {y1a, y1b}
for z = 1. These are also the support points of the potential equilibrium outcomes,
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Y (z) ≡ (P e(z), Qe(z)). Exogeneity implies that the marginal distribution of Y (z) is
identified by the marginal distribution of Y |Z = z for z = 0, 1. These two marginal
distributions tell us the proportion of markets in equilibria yza or yzb, so they tell us
something about the distribution of heterogeneity across markets.

Most target parameters will depend on the joint distribution of Y (0) and Y (1). For
example, the distribution of the average slope of demand between the two equilibrium
prices,

Qe(1) −Qe(0)
P e(1) − P e(0) = Qd(P e(1)) −Qd(P e(0))

P e(1) − P e(0) ≡ εd, (9)

depends on the joint distribution of Y (0) and Y (1). We think of a joint realization of
M ≡ (Y (0), Y (1)) as a market type. The support of possible market types is some subset
of the set of four points {(y0a, y1a), (y0a, y1b), (y0b, y1b), (y0b, y1a)} produced by taking the
Cartesian product of the marginal supports. An object like the average slope of demand
(9) can be written more explicitly as a function of the market type: εd ≡ εd(M).

Economic reasoning can be used to learn about the distribution of market types M
from the marginal distributions of Y (0) and Y (1). Consider Figure 1a, which shows one
possible configuration of the marginal supports of Y (0) and Y (1). Each of the four possible
market types is shown by a line connecting a point in the support of Y (0) with one in
the support of Y (1). The line connecting y0b and y1a is dashed because it would have
to correspond to a value of M with εd(M) > 0, implying that demand slopes upward.
Assuming that the structural demand function is monotonically decreasing means that M
must have zero probability of taking the value (y0b, y1a). In this case, the implication is
that the distribution of market types has three points of support and is point identified:

P[Y = y1a|Z = 1] = P[M = (y0a, y1a)] + P[M = (y0b, y1a)]︸ ︷︷ ︸
= 0 (would imply upward-sloping demand)

and P[Y = y0b|Z = 0] = P[M = (y0b, y1b)] +
︷ ︸︸ ︷
P[M = (y0b, y1a)]

⇒ P[M = (y0a, y1b)] = 1 − P[Y = y0b|Z = 0] − P[Y = y1a|Z = 1]. (10)

The extent to which this type of reasoning has bite depends on the distribution of
the data. In Figure 1b, the assumption of downward-sloping demand doesn’t rule out
any possible market types. In this case, the distribution of M is only partially identi-
fied through the knowledge of its marginals combined with the classic Fréchet-Hoeffding
bounds. Taken together, Figure 1 shows that the identified set for the joint distribution
of M can have a delicate structure: on the left-hand side it is a singleton, while on the
right-hand side it contains nearly all joint distributions compatible with the marginal
distributions of Y |Z = 0 and Y |Z = 1.

This reasoning is easier to work through when the marginal supports of Y (z) each have
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Figure 1: Nonparametric identification of the distribution of market types
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Notes: The marginal supports of Y (0) and Y (1) are shown in black and white nodes. Each line connecting two
nodes is a potential realization of a market type M ≡ (Y (0), Y (1)). Dashed lines indicate market types that
must have probability zero due to the assumption that demand slopes down.

two points, but it doesn’t depend on that simplification. Figure 2a shows a case in which
the supports of Y (0) and Y (1) both have three points. If the marginal distributions of
Y (0) and Y (1) are uniform, then the distribution of market types is again point identified
because

1
3 = P[Y = y0c | Z = 0]

because (y0c, y1b) and (y0c, y1a) imply upward-sloping demand︷ ︸︸ ︷
= P[M = (y0c, y1c)] ≤ P[Y = y1c | Z = 1] = 1

3
⇒ 1

3 = P[M = (y0c, y1c)] ⇒ P[M = (y0a, y1c)] = 0 and P[M = (y0b, y1c)] = 0

⇒ 1
3 = P[Y = y0b | Z = 0] = P[M = (y0b, y1b)] ≤ P[Y = y1b | Z = 1] = 1

3
⇒ P[M = (y0b, y1b)] = 1

3 , so P[M = (y0a, y1a)] = 1
3 . (11)

Figure 2b considers the same marginal distribution for Y (0), but a marginal distribution
for Y (1) that has one fewer point, with y1a omitted. Despite there being fewer possible
market types, the distribution of M becomes partially identified, even if the marginals
have uniform distributions. This happens because the absence of y1a makes P[Y = y1c|Z =
1] = 1/2 > 1/3, which breaks the chain of reasoning in (11).

2.5 Instrument monotonicity

Angrist et al. (2000) augment the baseline IV assumptions with a “monotonicity” condition
on how the instrument affects price.
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Figure 2: Nonparametric identification with more market types

(a) Point identified if uniform distribution
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Notes: See notes for Figure 1. The dotted lines in (a) indicate market types M ≡ (Y (0), Y (1)) that can be
deduced to have probability zero if the distributions of Y (0) and Y (1) are both uniform.

Instrument monotonicity: P[P e(1) ≥ P e(0)] = 1 or P[P e(0) ≥ P e(1)] = 1.

The monotonicity condition says that the instrument shifts equilibrium price in the same
direction for all markets. Angrist et al. (2000, Lemma 1) show that if demand and supply
slope in the expected direction, and if exclusion is satisfied, then monotonicity is implied
by the structural supply curve being monotone in Z.

Monotonicity has different empirical content than downward-sloping demand. For
example, monotonicity is satisfied in Figure 1a for all possible market types M , because
all of the white nodes for Z = 0 lie below the black ones for Z = 1. Monotonicity has
no identifying power here. Figure 3a modifies Figure 1b to show the opposite case, where
downward-sloping demand is satisfied for all possible market types, but monotonicity is
not. In this case, imposing the monotonicity assumption point identifies the distribution
of market types through a similar argument as used in Figure 1a.

Figure 3b shows an example in which some market types violate downward-sloping de-
mand and others violate monotonicity, assumed to be in the direction P[P e(0) ≥ P e(1)] =
1. In this case, downward-sloping demand and monotonicity both aid identification. When
both are imposed, the distribution of market types is point identified because the assump-
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Figure 3: Nonparametric identification with monotonicity

(a) Point identified under monotonicity both with
and without downward-sloping demand

y0a

y1a

y0b

y1b

Quantity

P
ri
ce

1 2 3 4 5 6

1

2

3

4

5

q0a q1a q0b q1b

p0a

p1a

p0b

p1b

(b) Point identified under both monotonicity and
downward-sloping demand
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Notes: See notes for Figure 1. Dashed lines indicate market types that must have probability zero due to the
assumption that demand slopes down. Dot-dashed lines indicate market types that must have probability zero
due to the monotonicity condition.

tions leave only four types that could have non-zero probability:

P[M = (y0a, y1a)] = P[Y = y1a|Z = 1]

P[M = (y0b, y1b)] = P[Y = y0b|Z = 0]

and P[M = (y0c, y1b)] = P[Y = y0c|Z = 0]

⇒ P[M = (y0a, y1b)] = P[Y = y0a|Z = 0] − P[Y = y1a|Z = 1]. (12)

Point identification would generally be lost in this example if only one of the two assump-
tions were imposed.

2.6 Tax or subsidy instruments

Zoutman et al. (2018) consider tax or subsidy instruments that affect prices faced by
consumers or producers in a known way (see also Dearing, 2022). For example, suppose
that producers in markets with Z = 1 receive a per-unit subsidy t. A natural assumption,
which Zoutman et al. (2018) describe as the “Supply-Side Ramsey Exclusion Restriction,”
is that producers in a market Z = 0 facing a price p would have the same supply as
producers in a subsidized market Z = 1 facing net-of-subsidy price p− t. The assumption
can be stated with potential outcomes as follows.

Subsidy instrument: There is a known t such that Qs(p, z) = Q̃s(p+ tz) for all p and
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z, where Q̃s is an increasing function.

The subsidy instrument assumption can be viewed as an index restriction on the structural
supply curve. In the classic linear model considered by Zoutman et al. (2018), the subsidy
instrument assumption amounts to requiring the coefficients on P and Z in the supply
equation to be the same.

Figure 4a shows that the subsidy instrument assumption can also have identifying
power without the classic linearity assumption. The supports of Y |Z = z each consist of
two points, still shown as black and white nodes. In this case, downward-sloping demand
has no identifying power, so the distribution of market types M is partially identified
without an additional assumption. Imposing instrument monotonicity would not change
this because the instrument shifts all equilibrium prices down.

The points ỹ1a ≡ (p0a − t, q0a) and ỹ1b ≡ (p0b − t, q0b) shown in blue are additional
points on the Z = 1 supply curve that can be deduced from the subsidy instrument
assumption:

Y (0) = y0a ⇒ Qs(p0a, 0) = q0a ⇔ Q̃s(p0a) = q0a ⇔ Qs(p0a − t, 1) = q0a.

A market type M = (y0a, y1a) would have Qs(p0a − t, 1) = q0a < q1b = Qs(p1b, 1), im-
plying the downward-sloping supply curve with average slope indicated by the dashed
blue line connecting ỹ1a to y1b. Assuming that supply is upward-sloping requires P[M =
(y0a, y1b)] = 0, leaving only three market types. The distribution of market types is then
point identified from its marginals, as in the previous arguments.

Also as with the previous arguments, changing the configuration of the supports of
Y |Z = z can change this conclusion. If t were large enough to make p0a − t < p1b, then
upward-sloping supply would not rule out any market types, leaving the distribution of
M partially identified. Alternatively, suppose that p1a were smaller, as shown in Figure
4b. In this case, the point on the Z = 1 supply curve that is generated by y0a would imply
downward-sloping supply whether y0a were paired with y1a or y1b. There would be no
distribution of market types consistent with upward-sloping supply that could also match
the marginal distributions of Y |Z = z. The identified set would be empty, implying that
the model is misspecified.

2.7 Identifying target parameters

Our focus so far has been on identification of the distribution of market types M ≡
(Y (0), Y (1)), but our ultimate interest is in identified sets for lower-dimensional target
parameters that summarize across market types. For example, the distribution of demand
at a hypothetical price, the average change in demand between two hypothetical prices, or
the average change in consumer surplus from a marginal tax increase. Target parameters
like these depend on the distribution of M , but they typically will not be fully determined
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Figure 4: Nonparametric identification with a subsidy instrument
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Notes: See notes for Figure 1. The blue nodes represent implied points on the Z = 1 curve through the subsidy
instrument assumption. Solid blue lines represent upward-sloping supply. Dashed blue lines represent downward-
sloping supply. The dashed black lines indicate market pairs that are eliminated through the subsidy instrument
assumption.

by it. The reason is that each market type could be consistent with several supply and
demand schedules that admit different values of the target parameter.

We formalize this observation by distinguishing between what we call composite and
non-composite target parameters.

A non-composite target parameter is one that is fully determined by the distribution
of market types. An example is a weighted average (across market types) of the average
slope of demand:

E[ω(M)εd(M)]. (13)

Unit weights produce the unconditional average εd = E[εd(M)]. The Wald estimand
generated by a linear IV estimator produces weights that are proportional to the change
in equilibrium prices:

E[Q|Z = 1] − E[Q|Z = 0]
E[P |Z = 1] − E[P |Z = 0] = E

[(
P e(1) − P e(0)

E[P e(1) − P e(0)]

)
︸ ︷︷ ︸

ωwald(M)

εd(M)
]

≡ εd
wald. (14)

Both parameters are non-composite because the weighting function ω and average slope
of demand function εd are both functions of the market types themselves. The only
ambiguity is the distribution over market types, M .
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Figure 5: Interpolation and extrapolation
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Notes: The target parameter is the average slope of demand between two pre-specified prices, p and p. The
inverse demand curve is shown in black and the average slope of the inverse demand curve between p and p is
indicated by the dashed green chord. Figure (a) shows a market ma for which this is an interpolation problem
because p0a > p > p > p1a. The magnitude of the average slope of demand between p and p for this market type
is between zero, indicated by the vertical blue inverse demand curve, and (q0a − q1a)/(p − p), indicated by the
red inverse demand curve. Figure (b) shows a market mb for which this is a one-sided extrapolation problem
because p > p0b > p > p1b. The average slope of demand could still be zero. The lower bound on the average
slope of demand is −q1b/(p− p), attained by the red curve.

A composite target parameter has a second layer of ambiguity concerning the values
it can take for each market type. This ambiguity derives from the definition of a market
type, which only encodes its potential equilibrium outcomes Y (z) ≡ (P e(z), Qe(z)). For
example, consider a target parameter that measures the average slope of demand between
two hypothetical prices p < p:

εd
p,p ≡ E

[
Qd(p) −Qd(p)

p− p

]
= E

[
E

[
Qd(p) −Qd(p)

p− p

∣∣∣M]]
≡ E

[
εd
p,p(M)

]
. (15)

This is a composite target parameter because a given market type m is consistent with
multiple values of εd

p,p(m), creating a second layer of ambiguity on top of the unknown
distribution of market types.1

We can characterize this ambiguity by solving a composite problem that finds bounds
for each market type. If ma = ((p0a, q0a), (p1a, q1a)) has p1a < p < p < p0a, as shown

1Kang and Vasserman (2025) show how to derive bounds on welfare parameters from knowledge of two
equilibria for the same market. This is an example of resolving the composite layer of ambiguity for a given
market type. The fundamental problem that we focus on is that a researcher only observes a single equilibrium
for each market.
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in Figure 5a, then the assumption of downward-sloping demand implies that Qd(p0a) ≤
Qd(p) ≤ Qd(p) ≤ Qd(p1a). These inequalities imply

0 ≥ εd
p,p(ma) ≥ q0a − q1a

p− p
=
(
p0a − p1a
p− p

)
εd(ma). (16)

On the other hand, for a market type mb that is the same except with p > p0b, the
problem requires extrapolating to p while interpolating to p, as depicted in Figure 5b. For
mb, the most we can conclude is that

0 ≥ εd
p,p(mb) ≥ −q1b

p− p
. (17)

The lower bound becomes less informative because we cannot rule out the possibility that
demand drops to zero at p. For a third market type mc with both p < p1c and p > p0c,
we would need to extrapolate to both p and p. Assuming that demand slopes downward
by itself doesn’t provide any discipline on the magnitude of the average slope of demand
between p and p for such a market.

2.8 Computing bounds

Deriving analytic bounds by systematically applying the type of reasoning laid out in the
previous sections would be complicated in typical empirical settings in which there are
many observed equilibria. This is true even for simple, non-composite target parameters
like εd. Composite target parameters make the problem even more complex. In this
section, we develop a computational approach for computing sharp nonparametric bounds
that can be applied in more typical settings.

We begin with an abstract definition of the identified set. The model is about the
structural supply and demand functions across all prices. In our notation, these are the
random functions Qd and Qs, which collect random variables Qd(p), Qs(p, z) across eval-
uation points (p, z). We use bold font Q ≡ (Qd, Qs) to denote the pair of structural
functions. This pair is required to live in some admissible set Q† that encodes the re-
searcher’s assumptions, such as downward-sloping demand or instrument monotonicity.
The exclusion restriction, which we always maintain, is embedded in the definition of Qd.

The primitive parameter in the model is a distribution F over Q.2 This distribution
must also satisfy the researcher’s assumptions by living in a set F†. For now, we assume
that F† ≡ {F : PF [Q ∈ Q†] = 1} is simply the set of distributions that put all of their
mass on admissible demand and supply functions. Later, in Section 4, we will consider
models in which F is further restricted.

2Throughout the following, we ignore technical distractions about measurability, which might become more
salient if viewing Qd and Qs as infinite-dimensional objects defined over a continuum of prices. The concerned
reader can assume that Qd and Qs are defined over a finite set of prices.
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Every realization of Q ≡ (Qd, Qs) produces realizations of potential equilibria Y (z)
for every instrument value z. A distribution F over Q therefore implies a distribution of
observed equilibria Y conditional on any value of Z. The identified set for F is the subset
of F† where this implied distribution matches the population distribution:

F⋆ ≡
{
F ∈ F† : PF [Y (z) = y] = P[Y = y|Z = z] for all y and z

}
.

The instrument exogeneity assumption, which we always maintain, is embedded in the
definition of F⋆.

The researcher’s object of interest is a lower-dimensional target parameter that takes
the form EF [τ(Q)], where τ is some lower-dimensional function of the structural supply
and/or demand curves. The identified set for the target parameter is

T ⋆ ≡ {EF [τ(Q)] : F ∈ F⋆} .

The goal is to characterize T ⋆, or at least its extremal points, τ⋆lb ≡ inf T ⋆ and τ⋆ub ≡
sup T ⋆, which constitute the sharp bounds on the target parameter. For example, τ could
be the average slope of demand between two hypothetical prices, the level of demand at a
given price, or the deadweight loss created by a sales tax. Then EF [τ(Q)] is the average
of τ(Q) over the distribution of supply and demand functions.

The distribution F describes a probability over two functions, so it is a high-dimensional
object that is difficult to work with directly without further restrictions. In this section, we
avoid placing further restrictions by working with distributions π for the lower-dimensional
market type M ≡ {Y (z)}z, which we assume has finite support. It turns out that calcula-
tions with these lower-dimensional distributions π are sufficient for calculating the sharp
bounds on target parameters that depend on F in many interesting cases. Characteriz-
ing these cases requires thinking about the mapping from realizations of the structural
functions, q, to realizations of the market type vector of equilibrium outcomes, m. We
denote this mapping by µ : Q† → M, where M ≡ ⊗zYz is the set of potential mar-
ket types, and Yz is the support of Y |Z = z. Each F then generates a π defined as
πF (m) ≡ PF [µ(Q) = m].

Let Π denote the set of all probability mass functions over market types, that is, the set
of all functions π : M → [0, 1] such that

∑
m∈M π(m) = 1. Let Π† ≡ {πF ∈ Π : F ∈ F†}

denote the subset of Π generated by an admissible distribution over structural functions,
F ∈ F†. Because we have defined F† purely in terms of the set of admissible structural
functions, Q†, we can describe Π† by determining the subset of M that could be produced
by some element of Q†:

M† ≡ {m ∈ M : µ(q) = m for some q ∈ Q†}.
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This is essentially the task that has been illustrated through the preceding graphical
examples. The following proposition formalizes this observation.

Proposition 1. Suppose that F† ≡ {F : PF [Q ∈ Q†] = 1}. Then

Π† =
{
π ∈ Π : π(m) = 0 for all m /∈ M†

}
.

The final ingredient to computing bounds with π involves determining bounds on τ(q)
across all structural function realizations q that produce a given market type m. That is,

t(m)/t(m) ≡ inf/sup
q∈Q†

τ(q) s.t. µ(q) = m. (18)

For non-composite target parameters, such as the average slope of demand between equi-
librium prices, we can deduce t(m) = t(m) directly for each market type m. In the
previous section, we saw that the average slope of demand between hypothetical prices
was a composite target parameter with t(m) < t(m), but we were able to solve for t(m)
and t(m) through inspection and economic reasoning. In Section 3, we will consider cases
in which Q† has a parametric structure that makes it tricky to solve for t(m) and t(m)
analytically, but straightforward to solve for them numerically.

Once the market type bounds in (18) have been computed, the following proposition
can then be used to construct sharp bounds on EF [τ(Q)].

Proposition 2. For any m ∈ M ≡ ⊗zYz, let mz denote the component of m correspond-
ing to Yz. Define

t⋆ ≡ max
π∈Π

∑
m∈M

t(m)π(m)

s.t. P[Y = y|Z = z] =
∑
m∈M

1[mz = y]π(m) for all y ∈ Yz and z = 0, 1

π(m) = 0 for all m /∈ M†, (np-lp)

Then t⋆ = τ⋆ub. Similarly, if t⋆ is the optimal value of the analogous minimization problem,
then t⋆ = τ⋆lb.3

Proposition 2 shows that we can compute sharp nonparametric bounds on many target
parameters by solving linear programs. This type of characterization of an identified set
through linear programming has been used by many authors dating back to Balke and
Pearl (1994) and Hansen et al. (1995). More recent applications include Lafférs (2013),
Freyberger and Horowitz (2015), Mogstad et al. (2018), and Torgovitsky (2019a). The
sharpness argument in the proof of Proposition 2 involves using an optimal solution of

3We use the usual convention that the maximum or supremum over an empty set is −∞ and the minimum
or infimum over an empty set is +∞. So, if (np-lp) is infeasible, the proposition implies that T ⋆ and F⋆ are
empty.
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(np-lp) to construct an F ∈ F⋆ that yields the same value of the target parameter, similar
to arguments used in Torgovitsky (2019b) and Tebaldi et al. (2023).

2.9 Nonparametric bounds in the Fulton fish market

In this section, we apply Proposition 2 to the Fulton fish market data assembled by Graddy
(1995) and used by Angrist et al. (2000). The data consists of 111 daily observations of the
quantity and transacted price of a low-quality white fish. Price and quantity are measured
in logs, so that εd(m) can be interpreted as approximately the elasticity of demand for
market type m. The instrument is a binary indicator for stormy weather at sea, which
Angrist et al. (2000) argue is an excluded and exogenous supply shifter.

Table 1 reports bounds on εd ≡ E[εd(M)], the average across market types of the av-
erage slope of demand between equilibrium prices. The row labeled empirical distribution
shows bounds under the baseline IV assumptions together with three additional sets of as-
sumptions. With only the baseline IV assumptions, the average slope of demand could be
anywhere from strongly downward-sloping to strongly upward-sloping. Requiring demand
to slope downward rules out the latter possibility and allows one to conclude that demand
is anywhere from mildly inelastic (εd = −0.62) to implausibly elastic (εd = −69.69). In-
strument monotonicity by itself yields a tighter lower bound, but allows for the possibility
of upward-sloping demand. Column (4) shows that the empirical distribution cannot be
matched exactly by any π that satisfies both downward-sloping demand and instrument
monotonicity; the constraint set of (np-lp) is empty. This might represent a rejection of
the model, but it could also be due to statistical noise.

In the second row of Table 1, we shut down the statistical noise channel by solving
for a π that satisfies both assumptions and comes as close as possible to matching the
observed distribution. We then compute bounds using the distribution of observables
implied by this π, rather than the empirical distribution. This makes the constraint set
of (np-lp) non-empty by construction because it contains the best-fitting π. Columns
(1)–(3) show that bounds under this DGP are quite close to those under the empirical
distribution. Column (4) shows that imposing both monotonicity and downward-sloping
demand leads to bounds that are substantially tighter than imposing either assumption
separately. The bounds rule out inelastic demand (εd ≤ −1.32), but still allow for demand
to be implausibly elastic. Wide as they are, these nonparametric bounds still don’t contain
the Wald estimand, εd

wald, which is only −1.22.4 This implies, in particular, that the slope
4It is easy to see that the identified set for the average slope of demand need not contain the Wald estimand

in general. For example, consider Figure 3a, in which point identification was attained under instrument
monotonicity. Suppose that each marginal distribution is uniform, so that P[Y = y0a|Z = 0] = P[Y = y1a|Z =
1] = 1/2. Then two potential market types have probability zero because

P[M = (y0a, y1b)] = P[Y (0) = y0a] − P[M = (y0a, y1a)] = P[Y (0) = y0a] − P[Y (1) = y1a] = 0.

The two remaining market types have equal probability and average (inverse) slopes of εd((y0a, y1a)) = −1/2
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Table 1: Nonparametric bounds in the Fulton fish market

(1) (2) (3) (4) Wald
Empirical distribution [−70.89, 66.52] [−70.84, −0.63] [−55.22, 35.69] ∅ −1.08

Fit distribution [−69.75, 66.78] [−69.69, −0.62] [−56.60, 34.86] [−50.51, −1.32] −1.22
Instrument monotonicity ✓ ✓

Downward-sloping demand ✓ ✓

Notes: Bounds are for the average across markets of the average slope of demand, εd. The instrument is a
binary indicator for stormy weather at sea, which is one for 32 of the 111 observations. The fit distribution is
constructed by finding the π that minimizes the squared deviation of the data-matching constraint in (np-lp).
We assume in all cases that market types with equal prices but unequal quantities have probability zero, as this
would imply a violation of exclusion and would render the average slope of demand undefined. This rules out two
of the (111 − 32) × 32 = 2528 possible market types in the Fulton fish market data. We also assume that market
types with equal quantities have probability zero, as this would imply perfectly inelastic demand and would allow
for non-existence of equilibria if supply were also perfectly inelastic. This eliminates one possible market in the
Fulton data.

of demand cannot be constant across markets.

3 Linear Models with Unrestricted Heterogeneity

In this section, we assume that one or both of the structural functions are linear, while
still allowing for unrestricted heterogeneity in these linear functions across markets.

3.1 Linear demand

Return to (1) but now parameterize the structural demand function as

qd(p,B) = Bd
1 −Bd

pp, (19)

where the unobservable B contains the random coefficients Bd
1 and Bd

p , as well as poten-
tially other components that determine supply. We continue to assume that qd is weakly
decreasing in price, which now amounts to the assumption that Bd

p ≥ 0 with probability
one. The reduced form functions Qe(z) ≡ qe(z,B) and P e(z) ≡ pe(z,B) in (3) still exist.
The question is what empirical content is provided by the linearity in (19). The answer
depends on both the target parameter under consideration and the number of values that
the instrument takes.

If the instrument is binary, then linearity provides no additional information about
the distribution of market types M ≡ (P e(0), Qe(0), P e(1), Qe(1)). Linear demand in any
given market type can be rationalized by a line connecting (P e(0), Qe(0)) and (P e(1), Qe(1)).

and εd((y0b, y1b)) = −3. So, εd = −3×1/2−1/2×1/2 = −7/4. The Wald estimand, by contrast, places twice as
much weight on the more inelastic market, (y0a, y1a), because that market experiences a larger price change from
shifts in the instrument. This produces the inelastic summary measure εd

wald = −3 × 1/3 − 1/2 × 2/3 = −4/3.
The Wald estimand lies outside of the (singleton) identified set of the average slope of demand. We thank Josh
Angrist for alerting us to the possibility that this point may not be obvious to all readers.
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This implies that the identified set F⋆ of the distribution F of market types M remains
the same under the assumption of a linear demand curve, because linear demand does not
change M†. The identified set of any non-composite target parameter like εd also remains
the same.

If the instrument has more than two points of support, then linearity starts to provide
identifying content for the distribution of market types and so also for non-composite
target parameters like εd. Figure 6a illustrates a case in which downward-sloping demand
together with (19) yield point identification of the joint distribution of market types M ≡
(Y (0), Y (1), Y (2)), where Y (z) ≡ (P e(z), Qe(z)). Linearity implies that, for example,
both M = (y0a, y1a, y2b) and M = (y0b, y1a, y2b) have zero probability, because the slope
between y1a and y2b is different from the slopes between either y0a and y1a or y0b and
y1a. Only two market types have constant slopes connecting them: (y0a, y1a, y2a) and
(y0b, y1b, y2b). This example is also one in which the joint distribution of market types
M would be partially identified under only downward-sloping demand, with or without
instrument monotonicity, because these assumptions are satisfied for all eight possible
market types.

Figure 6b provides an example of how partial identification can remain under linear,
downward-sloping demand, even with multiple instrument values. Linear demand requires
the slopes connecting any potential market type to be constant, meaning that they must
lie on a straight line, which also must be decreasing under downward-sloping demand.
The configuration shown in Figure 6b has seven market types that are consistent with
downward-sloping demand. Mass can be placed on these seven types in multiple different
ways that still match the distributions of Y |Z = z. For example, suppose that the
distributions of Y |Z = z are each uniform, placing probability 1/3 on each of the points in
their supports. One distribution of market types that matches these marginal distributions
places equal weight on the types represented by blue lines:

P[M = (y0a, y1a, y2b)] = P[M = (y0b, y1c, y2c)] = P[M = (y0c, y1b, y2a)] = 1
3 .

An alternative distribution of market types places equal weight on the types connected
by red lines:

P[M = (y0a, y1b, y2c)] = P[M = (y0b, y1a, y2a)] = P[M = (y0c, y1c, y2b)] = 1
3 .

Other distributions of market types that match the distributions of Y |Z = z can be
generated by subtracting mass from the blue types and adding it to the red types.

If the target parameter is composite, so that t(m) < t(m) for some type m, then
linearity can still have identifying content even if the instrument is binary. For example,
consider bounds on average demand at a hypothetical price, E[Qd(p)], which fits into the
framework of Section 2.8 with τ(Q) = Qd(p), where the admissible set Q† now incorpo-
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Figure 6: The identifying power of linear demand
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Notes: See notes for Figure 1. The orange nodes indicate points of the support of Y |Z = 2. On the left-hand
side, dot-dashed lines indicate pairs that must have probability zero if demand is linear; any market type (a
triple) that includes these pairs must also have probability zero. These points are not drawn on the right-hand
side to avoid clutter. The colored edges on the right-hand side indicate two collections of triples that can jointly
rationalize the observed distribution when it is uniform.

rates linearity. Linear demand implies that for market type ma ≡ ((p0a, q0a), (p1a, q1a)),
average demand satisfies

E[τ(Q)|µ(Q) = ma]

= E[Bd
1 |M = ma] − E[Bd

p |M = ma]p = q0a +
(
q1a − q0a
p1a − p0a

)
︸ ︷︷ ︸

≡εd(ma)

(p− p0a).

This implies that the average slope of demand between any two points—in particular,
the average slope of demand εd(m) between the two equilibrium prices induced by the
instrument—is sufficient to identify average demand at any price. Even so, heterogeneity
across markets means the distribution of M might not be point identified, which means
that E[Qd(p)] will still generally not be point identified, even with linearity.

Figure 7 shows several sets of bounds for average demand, E[Qd(p)], using a distribu-
tion of observables fit to the Fulton fish market data. The dashed lines are nonparametric
bounds. With only the baseline IV assumptions, or with both the baseline IV assump-
tions and instrument monotonicity, the level of average demand can effectively only be
bounded between whatever prior bounds the researcher is willing to impose. In Figure 7,
we take these bounds to be [4, 12], which is roughly two orders of magnitude lower than
the smallest (6.22) and largest (9.98) values of log quantity observed in the data. Adding
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Figure 7: Bounds on average demand in the Fulton fish market
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Notes: Bounds on average demand, E[Qd(p)], as a function of p under various assumptions. The light gray
dots show the original Fulton fish market data. We fit a distribution of observables to this data under the
strongest set of assumptions (Lin: DSD, BD, IM). This distribution is then used to construct bounds under
all sets of assumptions. The dotted black line shows the true value of E[Qd(p)] in the data generating process.
All bounds impose the baseline IV assumptions (with the Manski bounds only using mean independence) and
the prior bounds that E[Qd(p)] ∈ [4, 12]. Other acronyms and abbreviations: nonparametric (NP), linear (Lin),
downward-sloping demand (DSD), instrument monotonicity (IM), bounded demand curve (BD). The bounded
demand curve assumption (BD) requires a linear demand curve to stay within [4, 12] over the support of log
prices in the fit DGP, approximately [−1.11, .66].

downward-sloping demand improves these nonparametric bounds considerably, but they
are still quite wide. The nonparametric Manski bounds are mean versions of the inter-
section bounds (8), which are slightly wider than our bounds because they maintain the
weaker mean-independence form of exogeneity on the instrument.

The solid lines in Figure 7 are bounds derived assuming linear demand. Linearity
with downward-sloping demand is already tighter than the tightest nonparametric bound.
Linearity with instrument monotonicity by itself provides much less information. Linear-
ity with downward-sloping demand and instrument monotonicity (“DSD, IM”) starts to
provide fairly informative bounds. To tighten them further, we impose the assumption
that the entire linear demand curve must be contained within the prior quantity range
[4, 12] across the observed support of log prices (roughly [−1.11, .66]). The solid dark blue
line (“DSD, BD”) shows the impact that this has with just downward-sloping demand.
The black line adds on instrument monotonicity, resulting in bounds on average demand
that are quite informative.
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3.2 Linear demand with linear supply

The classical model has both linear demand and linear supply. With random coefficients,
this becomes

qd(p, Z,B) = Bd
1 −Bd

pp

and qs(p, Z,B) = Bs
1 +Bs

zZ +Bs
pp, (20)

where now B ≡ (Bd
1 , B

d
p , B

s
1, B

s
z, B

s
p). Assuming that supply is upward-sloping means

assuming that Bs
p is non-negative. The reduced form functions can now be characterized

analytically as

qe(Z,B) = Bs
pB

d
1 +Bd

pB
s
1 + ZBd

pB
s
z

Bd
p +Bs

p
and pe(Z,B) = Bd

1 −Bs
1 − ZBs

z
Bd

p +Bs
p

. (21)

These reduced forms imply reduced form potential outcomes that are linear in the instru-
ment, with random coefficients that are nonlinear functions of B.

Although interest in a random coefficients model like (20) dates back to Hurwicz
(1950), concrete results have only recently been derived by Masten (2018), who provided
sufficient conditions for point identification of the marginal distributions of Bd

p and Bs
p.5

Masten’s conditions require Z to be continuously distributed (see also Hoderlein et al.,
2017, for related results). In addition, Z either needs to vary across the entire real
line (have “large support”) or an additional tail condition needs to be imposed on the
distribution of the random coefficients. Either way, continuous variation in the instrument
is essential for Masten’s point identification results. Masten (2018, pg. 1199) conjectured
that relaxing continuity could lead to informative partial identification.

Our analysis supports Masten’s conjecture. If the instrument is binary, then assuming
linear supply doesn’t have any identifying power for the distribution of market types M .
This can be seen from the reduced form (21), which is linear without assumption when
Z is binary. As we’ve seen, the distribution of market types—and therefore of objects
like the cross-market average of the average slope of demand, εd = E[Bd

p ]—is partially
identified under linear demand if the instrument is binary. It follows that it remains
partially identified if both demand and supply are linear and the instrument is binary.

When the instrument takes more values, the linear supply assumption starts to provide
5As Masten (2018) explains in a thorough literature review, Hurwicz (1950) pointed to the importance

of random coefficients, but did not provide any identification results, while Kelejian (1974) and Hahn (2001)
conducted analyses that imposed self-contradictory assumptions. There is a much larger literature on random
coefficients models with exogenous variables (for example, Beran and Hall, 1992; Hoderlein et al., 2010; Lewbel
and Pendakur, 2017; Gaillac and Gautier, 2022; Hermann and Holzmann, 2024) or with endogenous variables but
a triangular structure (for example, Heckman and Vytlacil, 1998; Florens et al., 2008; Masten and Torgovitsky,
2016). A recent contribution to modeling demand along these lines is made by Chernozhukov et al. (2025),
who consider a panel random coefficients model of consumer demand with time-invariant individual-specific
coefficients, making use of a long panel, but without instruments.
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Figure 8: The identifying power of linear reduced forms
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Notes: Solid lines represent markets that are consistent with linear reduced forms. The dotted lines in panel
(a) indicate pairs that can be deduced to have joint probability zero because of linearity (only two such pairs are
shown).

additional identifying power beyond linear demand. The configuration in Figure 6b, which
led to partial identification under only linear demand, is not consistent with linear supply
if Z ∈ {0, 1, 2} is interpreted as a cardinal-valued variable. The reason is that the changes
in price and quantity between different nodes in each market type triple are not necessarily
equal. For example, the market type (y0c, y1c, y2b) has a larger price change between y0c

and y1c than between y1c and y2b. This market doesn’t have a reduced form that is linear
in Z, so it must have probability zero when assuming (21).

Figure 8a shows a distribution that is consistent with a linear reduced form. The
point (y0a, y1b, y2b) satisfies downward-sloping demand and is consistent with instrument
monotonicity in the direction P e(0) ≥ P e(1) ≥ P e(2). But the slopes connecting (y0a, y1b)
and (y1b, y2b) are different, which would contradict (21). Maintaining linearity implies that
the distribution of market types must put zero mass on this type, as well as on several
others. In this case, there are only two possible market types that are consistent with
linearity, so the distribution of M is point identified.

Figure 8b shows how partial identification can still arise when the distribution of Y
has more points of support. Both price and quantity change by the same amount from the
black to white to orange nodes of each triple, consistent with a linear reduced form. As
in Figure 6b, there are an infinite number of ways to spread mass across the market types
while still matching the observed distribution Y |Z = z for each of the three instrument
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Figure 9: Bounds on average supply in the Fulton fish market
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Notes: Bounds on average supply setting z = 0, E[Qs(p, 0)], as a function of p under various assumptions.
Bounds are constructed using the same data generating process as in Figure 7. The true value of E[Qs(p, 0)] in
the data generating process lies between the bounds shown with the dotted black lines, which depict the true values
of E[t(M)] and E[t(M)]. The baseline assumptions are a linear system, downward-sloping demand, upward-
sloping supply, and the prior bound that E[Qs(p, z)] ∈ [4, 12] for both z = 0, 1. Instrument monotonicity (IM)
is the assumption that Bs

z ≤ 0. The bounded demand and supply curve assumptions (BD and BS) require these
curves to stay within [4, 12] over the support of log prices in the fit DGP, approximately [−1.11, .66].

values.
The assumption that supply is linear also expands the menu of target parameters for

which informative conclusions can potentially be drawn. For example, we can bound the
average supply curve at given values of the instrument:

E[Qs(p, z)] = E[Bs
1] + E[Bs

z]z + E[Bs
p]p. (22)

This is a composite target parameter because the instrument is not excluded: a given
market type M = m does not uniquely pin down a value of E[Qs(p, z)|M = m], which
depends on three unknowns. We need to solve (18) for t(m) and t(m), which can be done
numerically for every m through linear programming by searching for linear supply curves
that would produce the equilibria characterized by market type m. The values of t(m)
and t(m) are infinite without further restrictions. They can be made finite by placing
prior bounds on the magnitude of E[Qs(p, z)].

Figure 9 illustrates this point with the Fulton fish market DGP. All bounds in the figure
are for E[Qs(p, 0)] and are derived under the assumption of a linear system, downward-
sloping demand, and upward-sloping supply, with E[Qs(p, 0)] restricted to lie within the
same prior bounds [4, 12] that were used in Figure 7. By themselves, these assumptions
produce bounds that are wide, but non-trivial. Adding instrument monotonicity tightens
the bounds somewhat. So does assuming that demand curves must be entirely bounded
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within [4, 12] over the support of prices. Making the analogous assumption about the
supply curves provides the most information. Combining all three auxiliary assumptions
produces the bounds shown with the solid black curve. While the bounds contain perfectly
inelastic supply curves, they rule out highly elastic supply curves.

The results in Figure 9 are interesting in the context of the classical, constant coeffi-
cients model. The usual analysis of that model would conclude that the constant slope of
supply is completely unidentified without a demand shifter. Here, we have weakened the
assumption of a constant slope, but imposed additional—albeit quite conservative—prior
bounds on the supply curve that are not usually entertained in the classical analysis. The
result is a much less pessimistic conclusion. Obtaining this conclusion required entertain-
ing the possibility of partial identification.

The implications for empirical practice are important. For example, consider the
change in deadweight loss from changing sales taxes. Assuming no income effects, dead-
weight loss can be summarized with target parameters that depend only on the market-
level supply and demand curves (Harberger, 1964; Chetty, 2009). In Appendix SA.2,
we show that if price and quantity are measured in logs, then a marginal increase in ad
valorem tax from a base rate of r leads to a relative change in deadweight loss of

∆dwl
∆rev = rBd

pB
s
p

Bd
p +Bs

p + r (1 −Bd
p )Bs

p
, (23)

where ∆rev is the change in government revenue. Deadweight loss depends on both
supply and demand. A classical analysis would conclude that it is unidentified, while our
analysis produces informative bounds, even while allowing for unrestricted heterogeneity.6

Figure 10 shows upper bounds on the average of (23) across markets using the Fulton
fish market DGP. The upper bound is informative and increasing as a function of the base
tax rate, reflecting the widening of Harberger’s triangle. The lower bound is uninformative
(zero) because the assumptions considered so far cannot rule out the possibility that supply
is perfectly inelastic.

3.3 Reverse engineering linear IV estimands with random coefficients

An influential literature initiated by Imbens and Angrist (1994) takes a very different ap-
proach to accounting for heterogeneity. Instead of developing new methods to infer natural
target parameters, this literature starts with classical IV estimators and reverse-engineers
interpretations that allow for heterogeneity. See Mogstad and Torgovitsky (2024) for a
survey. Analyzing the consequences of misspecification in simultaneous equations models
is an exercise with a long history (for example, Bronfenbrenner, 1953). The novelty of the

6If the instrument is a tax (Section 2.6), then deadweight loss can be identified in the classical analysis through
the reduced form (Harberger, 1964; Chetty, 2009; Zoutman et al., 2018). This approach utilizes economic
structure that doesn’t necessarily apply to other instruments, such as the weather shock instrument used in the
Fulton fish market.
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Figure 10: Bounds on marginal relative deadweight loss in the Fulton fish market
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Notes: Bounds on marginal relative deadweight loss, as defined in (23) for different values of r. Bounds
are constructed using the same data generating process as in Figures 7 and 9. The true upper bound in the
data generating process is indicated with a dotted black line. The baseline assumptions are a linear, downward-
sloping demand with linear, upward-sloping supply curves that satisfy the bounded supply assumption. Instrument
monotonicity (IM), bounded demand (BD), and bounded supply (BS) are the same as defined in Figure 9.

reverse engineering proposal is the suggestion that the reverse-engineered interpretations
actually provide useful conclusions.

This suggestion turns out to be particularly hard to support in a model of supply and
demand. In Section 2, we saw that the Wald estimand overweights markets for which
the instrument moves prices more and that it can potentially be an attenuated measure
of demand. This theoretical possibility was borne out in the Fulton fish market data,
which had the Wald estimand lying outside of the nonparametric sharp identified set for
average slope of demand. In this section, we provide a theoretical explanation for this
phenomenon in the context of the linear random coefficients system (20).

Our starting point is a weighted average interpretation of a class of two-stage least
squares (2SLS) estimands. In Appendix SA.3, we build on the analysis of Angrist et al.
(2000) to show that

−β2sls = E[ω2sls(Bd
p )Bd

p ] = E[Bd
p ] + C[Bd

p , ω2sls(Bd
p )], (24)

where ω2sls(Bd
p ) are weights that have unit mean. Angrist et al. (2000) showed that these

weights will be non-negative under the instrument monotonicity condition considered in
Section 2.5. We show that the non-negativity of ω2sls can also be ensured without instru-
ment monotonicity by assuming that the coefficient on the supply shifter is independent
of the coefficients on price.

Non-negative weighting interpretations like these are commonly found in reverse en-
gineering analyses of linear IV estimators under heterogeneous treatment effects (Angrist
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Figure 11: Instruments create larger price changes in more inelastic markets
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Notes: Figure (a) shows two markets with the same supply, but different demand curves. When Z1 = 0, both
markets have the same equilibrium, y0a = y0b. When Z1 = 1, prices change more in market a, which has a
steeper inverse demand curve and therefore more inelastic demand. Figure (b) shows two markets with the same
demand, but different supply curves. When Z1 = 1, prices change more in market a, which has more inelastic
supply.

and Pischke, 2009; Mogstad and Torgovitsky, 2024). Their attraction is in ensuring that if
the underlying causal effect takes a single sign with probability one, then the IV estimand
also has that same sign, a property Blandhol et al. (2025) described as “weakly causal.”
In the supply and demand context, the underlying causal effect of price on demand is
already assumed to be negative, so accurately reflecting this assumed sign is not much of
an achievement.

Moreover, the particular weighting scheme used by the 2SLS estimand will typically
make it an attenuated measure of demand. For the binary instrument case, Angrist et al.
(2000, pg. 507) noted that if the coefficients in the supply equation on price and the
excluded instrument are both constant, then |β2sls| ≤ E[Bd

p ]. In Appendix SA.3, we show
that this conclusion holds under more general conditions. The central requirement is that
Bd

p and Bs
p are not strongly negatively correlated. Similar attenuation results continue to

hold even if the demand and supply equations are nonlinear (Section SA.3.3).
Figure 11a illustrates how attenuation arises by comparing the impacts of an equal

additive supply shift on the equilibria of two markets with the same supply curve but
different demand curves. In both markets the shift leads equilibrium prices to increase
and equilibrium quantities to decline. Prices increase more in market a because its demand
is less elastic. This means that the instrument (supply shifter) has a larger impact on
the endogenous variable (price) in markets with more inelastic demand. As we explain in
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Figure 12: The linear IV estimand is attenuated
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Notes: The blue density is a kernel density estimate of the population density of the average slope of de-
mand, εd(M). The orange density is a kernel density estimate of the contribution to the Wald estimand,
ω2sls(M)εd(M), where in this case ω2sls = ωwald are as defined in (14). The vertical lines show εd ≡ E[εd(M)]
and β2sls = E[ω2sls(M)εd(M)]. The data generating process is the same DGP fit to the Fulton fish market data
that was used in Figures 7 and 9.

Appendix SA.3, the statistical weighting used by the 2SLS estimator overweights markets
that experience larger price changes. This means that ω2sls overweights more inelastic
markets, leading β2sls to understate the average elasticity.

This reasoning depends on the slope of supply as well. Figure 11b shows the same
additive supply shift in two markets with the same demand curve but different supply
curves. Prices change more in the market with less elastic supply. Together, Figure 11
shows that markets that are more inelastic—both in supply and demand—receive larger
weight in the linear IV estimand. Only if markets that have inelastic demand also tend
to have elastic supply, so that Bd

p and Bs
p are negatively dependent, is it possible for the

IV estimand to overstate the average demand slope.
Figure 12 illustrates the magnitude of the attenuation using the Fulton fish market

DGP. The linear IV estimand is about 60% as large in magnitude as the average of the
demand coefficient, reflecting substantial attenuation. The weights show that this happens
because the IV estimand overweights markets that are highly inelastic, consistent with
the intuition just developed. These results illustrate how the linear IV estimand can fail
to be a useful measure of demand when there is unobserved heterogeneity across markets.

4 Linear Random Coefficients with Smooth Heterogeneity

The results in the previous section showed that useful conclusions can be drawn from a
linear system even while allowing for unrestricted heterogeneity. However, the approach
taken would be challenging to apply to settings richer than the Fulton fish market. The
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dimension of market types M grows quickly with the number of observed equilibria, which
explodes the computational burden. Multivalued instruments and covariates further ex-
acerbate this burden.

In this section, we address these problems by using a random coefficients model with
smooth heterogeneity. This model solves the dimensionality problem by imposing some
discipline on the distribution of market types. We do this using a mixture model formu-
lated as a linear sieve (see, for example, Chen, 2007), which allows us to explore both
parsimonious and flexible specifications in a single, computationally tractable framework.
We develop two related approaches that differ in what features of the observable variables
they use and in what portion of the random coefficients distribution must be modeled. In
Section 4.2, we consider a “full information” approach that uses the entire distribution of
prices and quantities. Then, in Section 4.3, we consider a “limited information” approach
that uses only selected coefficients from reduced form regressions. The terminology is
intended to echo the distinction laid out by Anderson and Rubin (1949) in the context of
models with constant effects.

4.1 Model

We generalize the random coefficients system (20) to

qd(p, Z,B) = Z ′Bd
z − pBd

p ,

qs(p, Z,B) = Z ′Bs
z + pBs

p, (rc)

where Z is a vector that now includes both instruments and covariates—including a con-
stant term—and the unobservableB ≡ (Bd

z , B
d
p , B

s
z, B

s
p) now combines the random scalars,

Bd
p and Bs

p, with the random vectors, Bd
z and Bs

z. We continue to assume that Bd
p ≥ 0

and Bs
p ≥ 0 with probability one and that a unique equilibrium exists. The equilibrium

can be characterized through reduced form equations that generalize (21):

pe(Z,B) = Z ′
(
Bd

z −Bs
z

Bd
p +Bs

p

)
and qe(Z,B) = Z ′

(
Bs

pB
d
z +Bd

pB
s
z

Bd
p +Bs

p

)
. (25)

We continue to maintain the exogeneity condition that Z and B are independent.
The vector Z appears in both equations of (rc). Exclusion restrictions can be imposed

by assuming that certain components of Bd
z or Bs

z are constant and equal to zero. Other
components of Z may have non-zero coefficients in both Bd

z and Bs
z, in which case these

variables can be interpreted as covariates. The tax or subsidy instrument assumptions
considered in Section 2.6 can be imposed by setting components of Bd

z or Bs
z to be equal

in magnitude to Bd
p or Bs

p.
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4.2 Full information

In this section, we model the distribution F of the entire random coefficients vector, B.
We assume that F lives in the set

F† =

F : F (b) =
dπ∑
h=1

πhFh(b;α) for some (α, π) ∈ AΠ

 , (26)

where {Fh(b;α)}dπh=1 is a collection of known basis functions and AΠ is a set of permissible
parameters for (α, π). In the specifications we consider, each Fh(·;α) is a distribution
function for any fixed α, so that F is a mixture distribution over Fh with mixing weights
πh that reside in the simplex. We don’t use α in our simulation or empirical results, so we
suppress it in the remainder of the main text and replace AΠ by simply Π. As we discuss
in Section SA.4, the leading way that α could be used is to enforce the constraint that
some coefficients are deterministic.

We focus our simulation and empirical work on mixtures of B-spline densities, where
each component Fh is an integrated B-spline component. We find B-splines attractive
because they are easy to parameterize and can approximate a large class of densities
arbitrarily well.7 The mixture components Fh should be chosen so that all F ∈ F† have
PF [Bd

p ≥ 0, Bs
p ≥ 0] = 1. They can also optionally be chosen to enforce an instrument

monotonicity condition (Section 2.5) on the sign of a random coefficient for a component
of Z that is an excluded instrument.

Each distribution F implies a conditional distribution of Y given Z via the reduced
form (25):

PF [Y ≤ y|Z = z] ≡
∫

1[ye(z, b) ≤ y] dF (b), (27)

where ye(z, b) ≡ (pe(z, b), qe(z, b)). The definition of the identified set F⋆ remains the
same as in Section 2.8, except that now we allow for Y to be continuous, so we match
its distribution function (27) rather than its mass function. The target parameter and its
identified set T ⋆ also remain the same except that we write it as EF [τ(Z,B)] because the
structural functions Q ≡ (Qd, Qs) are now fully determined by (Z,B) given the random
coefficients specification. With these changes, we again pursue a strategy of computing
sharp bounds on the target parameter by solving the problems

τ⋆lb/τ
⋆
ub ≡ inf/sup

F∈F†
EF [τ(Z,B)] s.t. (27) for all y and z. (28)

7See, for example, Gehringer and Redner (1992), Cai and Meyer (2011), or Matsuda and Iwafuchi (2025).
Other choices that also have universal approximation properties within large classes of distributions are mixtures
of beta distributions (for example, Diaconis and Ylvisaker, 1985; Perron and Mengersen, 2001) and mixtures of
Erlang distributions (for example, Lee and Lin, 2010, and the references cited within).
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The linear basis specification (26) helps with solving (28) because it implies that

PF [Y ≤ y|Z = z] =
dπ∑
h=1

πh

≡ḡh(y,z)︷ ︸︸ ︷∫
1[ye(z, b) ≤ y] dFh(b) ≡ π′ḡ(y, z)

and EF [τ(Z,B)] =
dπ∑
h=1

πh E

[∫
τ(Z, b) dFh(b)

]
︸ ︷︷ ︸

≡τ̄h

≡ π′τ̄ , (29)

which are both linear functions of π with coefficients that can be computed and/or esti-
mated. The linearity means (28) becomes a linear program:

max
π∈Π

π′τ̄ s.t. π′ḡ(y, z) = P[Y ≤ y|Z = z] for all y, z, (30)

as long as Π is a polyhedral set, such as the simplex in the leading case of interest.
Because we are allowing Y ≡ (P,Q) to be continuously distributed, it may not be

possible to impose the constraints on the inner problem of (30) for all y. A straightforward
solution is to impose the constraints for a large but finite grid of y and all z, although
this can lead the resulting bounds to be potentially non-sharp. This is, however, only an
issue for the simulation exercise of computing an identified set from a known population
distribution. In Appendix SA.5, we develop estimators of τ⋆lb and τ⋆ub using an approach
similar to that in Mogstad et al. (2018). We construct the estimators to be of the sharp
population bounds by using a criterion function that asymptotically incorporates all of
the information in the distribution of Y , whether discrete or continuous.

4.3 Limited information

The full information approach allows us to estimate sharp bounds because it matches
the entire distribution of observables. This is also its disadvantage. Modeling the full
distribution of (P,Q) requires modeling the full distribution of B, which is still a relatively
large vector even in simple cases. For example, with only a single excluded instrument
and no covariates, B has five components: two intercepts, two price slopes, and the slope
of the instrument. The distribution functions F are five-dimensional objects, which can
be challenging to model flexibly in the linear sieve form (26). Covariates add to this
challenge, unless they are assumed to have constant coefficients (see Appendix SA.4).
Even so, having to model the distribution of the intercepts seems like a step backwards
relative to the classical constant coefficients model.

These problems can be solved by using a limited information approach in which only
certain features of the conditional distribution of (P,Q)|Z are matched. We choose these
features so that they only depend on the vector B̃ ≡ (Bd

p , B
s
p, B

s
z,1) composed of the price

coefficients and the coefficient on the excluded instrument, focusing here on the case of
a single supply shifter, Z1. The distribution F̃ of this three-dimensional vector is much
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easier to model in the linear mixture form (26) because we can be agnostic about the
distribution of the other random coefficients not in B̃.

There are three costs of focusing on B̃. One is that we are limited to considering target
parameters that only depend on B̃. The second is that the resulting bounds may not be
sharp. The third is that, as will become clear ahead, we need the excluded instrument to
have three or more points of support to secure interesting bounds. None of these costs
turn out to be important in the sales tax application in Section 5.

The features of the observable distribution that we match are coefficients in linear
regressions implied by the reduced form equations (25). To see how this works, let Z1

denote the excluded supply shifter, which has demand coefficient Bd
z,1 = 0. Due to the

exogeneity condition, the coefficients on Z in a regression of either P or Q onto Z are the
averages of the reduced form random coefficients given in (25). The coefficients ρp,1 and
ρq,1 on Z1 only depend on B̃ ≡ (Bd

p , B
s
p, B

s
z,1):

ρp,1 = E

[
−Bs

z,1
Bd

p +Bs
p

]
and ρq,1 = E

[
Bs

z,1B
d
p

Bd
p +Bs

p

]
,

assuming that these moments exist.8 Any full distribution F for B that is in the identified
set (F ∈ F⋆) produces a three-dimensional distribution F̃ for B̃ that needs to match these
reduced form coefficients through the equations

EF̃

[
−Bs

z,1
Bd

p +Bs
p

]
=

dπ∑
h=1

πh

[∫ ( −bs
z,1

bd
p + bs

p

)
dF̃h(b)

]
= ρp,1 (31)

and EF̃

[
Bs

z,1B
d
p

Bd
p +Bs

p

]
=

dπ∑
h=1

πh

[∫ ( bs
z,1b

d
p

bd
p + bs

p

)
dF̃h(b)

]
= ρq,1. (32)

Minimizing or maximizing EF [τ(Z,B)] = π′τ̄ over π ∈ Π subject to (31)–(32) is a linear
program that produces valid outer bounds.

The simulations in the next section show that these outer bounds are quite wide when
only matching the two reduced form coefficients (31)–(32). However, we can find other
quantities that only depend on B̃ by considering powers and products of P and Q. For any
non-negative integers j and k, one can show using a bit of algebraic accounting (Appendix

8Masten (2018) observed that the moments of the reduced form coefficients might not exist because of the
random price coefficients in the denominator. In the supply and demand setting with linear functions of price
and reduced form (3), this could happen if Bd

p and/or Bs
p have densities that put a large amount of mass near

zero. We assume in the following that all of the reduced form coefficients that we analyze exist both under the
population distribution and under any distribution F ∈ F†.
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SA.6) that

P jQk =
∑

ℓ:|ℓ|=j+k
Zℓ

 ∑
|j|=j

j+k=ℓ

j!
j!
k!
k!

dz∏
i=1

(
Bd

z,i −Bs
z,i

Bd
p +Bs

p

)ji (Bs
pB

d
z,i +Bd

pB
s
z,i

Bd
p +Bs

p

)ki , (33)

where ℓ, j, and k are dz-dimensional vectors of non-negative integers (multi-indices) with
the standard notation ℓ ≡ (ℓ1, . . . , ℓdz), |ℓ| ≡

∑dz
i=1 ℓi, and Zℓ ≡

∏dz
i=1 Z

ℓi
i . One of the

multi-indices in the sum is ℓ = (j + k, 0, . . . , 0), which corresponds to the regressor Zℓ =
Zj+k1 . From (33), the coefficient on Zj+k1 from regressing P jQk onto {Zℓ : ℓ s.t. |ℓ| = j+k}
is

ρj,k ≡ (−1)j E

[
(Bs

z,1)j+k(Bd
p )k

(Bd
p +Bs

p)j+k

]
,

where the notation nests the two coefficients in (31)–(32) as ρ1,0 ≡ ρp,1 and ρ0,1 ≡ ρq,1.
Each ρj,k also only depends on B̃, but in a different way from the (j, k) = (1, 0)

and (0, 1) cases shown in (31)–(32). This means that tighter bounds can be found by
optimizing the target parameter under the constraints

(−1)j EF̃

[
(Bs

z,1)j+k(Bd
p )k

(Bd
p +Bs

p)j+k

]
=

dπ∑
h=1

πh

[
(−1)j

∫ ((bs
z,1)j+k(bd

p)k

(bd
p + bs

p)j+k

)
dF̃h(b)

]
= ρj,k (34)

for any non-negative integers j and k. In the next section, we find that adding all (j, k)
combinations with j + k ≤ 3 is enough to produce tight bounds in a DGP constructed
from the Fulton fish market data. However, we need Z1 to be cardinal-valued for the
regressions that produce ρj,k to make sense, and we need Z1 to have at least j + k + 1
values for ρj,k to exist.

In Appendix SA.5, we construct estimators of the outer bounds produced by the limited
information approach. We also show that inference in the limited information approach
can be cast as inference in a linear system of equations with known coefficients. This allows
us to apply the inference procedure developed by Fang et al. (2023). In our application,
we use a simpler projection inference approach that is also discussed in Appendix SA.5.

4.4 Smooth heterogeneity in the Fulton fish market

Figure 13 reports bounds on the average slope of demand, E[Bd
p ], in a DGP fit to the

Fulton fish market data. The x-axis shows the number of terms in the basis, which is
five-dimensional in the full information approach and three-dimensional in the limited
information approach. A tick with a parenthetical is a five-dimensional basis, with the
parenthetical reporting the dimension of the implied three-dimensional basis of B̃. We
construct the DGP by fitting a full information basis to the original support of 111 price
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Figure 13: Bounds on the average slope of demand using a smooth basis
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the original 111 equilibria observed in the Fulton fish market data, while “Full (Grid)” is the full information
approach constrained by a grid of 450 equilibria that contains the original equilibria. “Lim” is the limited
information approach with all reduced form coefficients (j, k) in (34) having j+k ≤ ℓ. The x-axis is in log scale.
A single number on the x-axis indicates the size of a three-dimensional basis for B̃ using the limited information
approach. When there are two numbers, the larger one is the size of a five-dimensional basis for B using the
full information approach, while the one in parentheses is the size of the implied three-dimensional basis for B̃.
The bounds are constructed using a distribution of observables fit to the original Fulton fish market data using
the five-dimensional cubic B-spline with 34,496 components.

and quantity pairs. The basis is a tensor of univariate cubic B-splines; it has 34,496 terms
overall.9 The true value of the average slope of demand (− E[Bd

p ]) under the DGP is
−1.58, while the Wald estimand is −1.27.

The full information approach leads to point identification when fitting the baseline
basis to the original support. Expanding the full information basis by bisecting all of the
knots for the slope coefficients creates a basis with 93,100 terms, which leads to partial
identification with the original support, but still retains point identification on a richer
grid of 450 equilibria. Bisecting once more produces a basis with 336,140 terms, leading to
partial identification for the fine grid as well, although the bounds are quite tight. These
results show the primary trade-offs involved in the full information approach: a great deal
of information can be harnessed by fitting the joint distribution of prices and quantity, but
doing so requires modeling the full distribution of random coefficients, which is difficult
due to the curse of dimensionality.

The curse of dimensionality is much less pronounced in the limited information ap-
proach, which only requires modeling a three-dimensional density. Figure 13 shows bounds
that use up to 317,275 terms, representing a highly flexible three-dimensional B-spline.

9For both intercepts, there are twelve equally spaced points between 4 and 12. For the demand slope, there
are nine equally spaced points between 0 and 4.5. For the supply slope, there are two knots: 0.01 and 1.5. For
the instrument slope, there are also two knots: −1 and 0.
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The bounds expand somewhat at first, but then quickly stabilize, suggesting that they are
approaching the nonparametric bounds. Figure SA.15 shows that this expansion is driven
by the flexibility of the instrument slope, rather than the demand or supply slopes.

The cost for this dimension reduction is that the limited information approach only
harnesses information from the reduced form moments ρj,k defined in (34). Figure 13
shows bounds for all (j, k) pairs with j + k ≤ ℓ, where ℓ ranges between one and five.
The bounds are quite wide with ℓ = 1. Including second-order terms (ℓ = 2) adds a great
deal of information, but requires an instrument with three points of support instead of
just two.10 Increasing to ℓ = 3 provides a modest tightening, as does ℓ = 4. With ℓ = 5
there is almost no additional tightening. In practice, it may be statistically challenging to
use large values of ℓ as this requires estimating the coefficient on Zℓ1 in a linear regression
including all terms up to the ℓth power. In our sales tax application, we find that setting
ℓ = 2 already provides tight and precisely estimated bounds even with a flexible basis.

5 The Welfare Impacts of Sales Taxes

In this section, we apply our methodology to study a core question in public finance: how
large is the efficiency loss from sales taxes and who bears the loss? Recent research on
this question includes Kroft et al. (2024a,b) and Gaarder and Henry de Frahan (2025),
all of which use models without unobserved heterogeneity across markets. We estimate
similar constant coefficients models before incorporating unobserved heterogeneity with a
linear random coefficients model.

5.1 Institutions and data

Sales taxes in the United States are imposed on most goods and some services in 45 states
and the District of Columbia. Tax rates vary substantially across regions. We focus on
counties as the regional unit.

Our data follows the construction used by Gaarder and Henry de Frahan (2025), who
combine NielsenIQ scanner data with county-level sales tax information from the Thomson
Reuters OneSource Sales Tax database. The authors construct a balanced panel spanning
fourteen semiannual periods between January 2008 and December 2014 with data on
quantities, prices, and sales tax rates in 2,111 counties and 249 product modules. The
data is used to construct quantity and price indices for each county, module, and time
period triple. Appendix SA.8.1 contains more details on this construction, as well as
summary statistics of the resulting data; see Gaarder and Henry de Frahan (2025) for full
details.

10In our simulation, we assume that we know the reduced form population coefficients up to order ℓ, so we
don’t need to specify the marginal distribution of the instrument. In practice, one would need the instrument
to have enough support points to be able to identify these OLS estimands.
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We define a market as a county-module pair. Consumer prices P and quantities Q
are log indices, which are then averaged over two-year periods and residualized against
module-region-time period fixed effects; see Appendix SA.8.1. The instrument Z is the
two-year change in log(1 + r), where r is the ad valorem sales tax for a county-module
pair, which we residualize in the same way as price and quantity.

5.2 Estimates without market heterogeneity

Panel B of Table SA.3 reports the reduced form effects of the sales tax instrument on
quantity and prices. We find that a one percent increase in sales taxes reduces quantity
by 0.56 percent. It increases the tax-inclusive price faced by consumers by 0.90, which
means that it lowers the before-tax price by 0.10.

Panel A of Table 2 turns these reduced form estimates into structural estimates of the
slopes of supply and demand using the classical reasoning for a linear model with constant
coefficients. The demand slope estimate of 0.62 ≈ 0.56/0.90 comes from using sales tax
as an instrument for the consumer-facing tax-inclusive price. The supply slope estimate
of 5.81 ≈ 0.56/0.10 comes from using sales tax as an instrument for the before-tax price,
which is justified under the Supply-Side Ramsey Exclusion Restriction (RER) introduced
by Zoutman et al. (2018) and discussed in Section 2.6.

We plug these elasticities into the expressions in Appendix SA.2 to produce estimates
of consumer incidence and marginal deadweight loss. At the baseline average tax rate
of 7.2 percent, we estimate the deadweight loss from a marginal increase in sales taxes
to be $0.04 per dollar of revenue raised. The share borne by consumers (the consumer
incidence) is estimated to be 91 percent.

5.3 Estimates with market heterogeneity

In Appendix SA.7, we show how to derive linear (in logs) supply and demand equations
from a microfounded model of consumers and firms. The derivation shows how unobserved
market heterogeneity in the price coefficient arises naturally. For the demand equation,
heterogeneity across markets can come from variation in the composition of consumers.
For the supply equation, heterogeneity across markets can come from variation in firm
technology and in the costs of inputs. The estimates in Panel A of Table 2 rely on ruling
out these sources of heterogeneity.

Panel B of Table 2 reports results from a linear random coefficients model that allows
for unobserved market heterogeneity in demand and supply elasticities. We use the limited
information approach discussed in Section 4.3 with a rich B-spline basis for the random
coefficients. Appendix SA.8.2 provides more information on how this basis is specified.
Confidence intervals, which are reported in square brackets, are constructed using the
projection approach described in Appendix SA.5.5, with variance estimators that are
clustered at the module-by-county level.
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Table 2: Estimates of average elasticities and welfare

Specification Target parameters
Exclusions Moments E[Bd

p ] E[Bs
p] ICD DWL

Panel A. Constant coefficient benchmark
Standard + Ramsey IV 0.62

(0.52, 0.72)
5.81

(4.07, 7.55)
0.91

(0.89, 0.93)
0.04

(0.03, 0.05)

Panel B. Random coefficient bounds
Standard only (j + k ≤ 1) [0.31, 3.71]

(0.27, 3.75)
[3.37∗, 13.31]
(3.37∗, 13.42)

[0.56, 0.96]
(0.55, 0.97)

[0.02, 0.25]
(0.02, 0.25)

Standard + Ramsey (j + k ≤ 1) [0.62, 0.99]
(0.51, 1.13)

[3.98, 12.38]
(3.52, 13.02)

[0.91, 0.91]
(0.88, 0.93)

[0.04, 0.05]
(0.03, 0.06)

Standard only (j + k ≤ 2) [0.70, 0.96]
(0.39, 1.37)

[3.50, 12.81]
(3.37, 13.33)

[0.89, 0.96]
(0.81, 0.97)

[0.03, 0.07]
(0.02, 0.09)

Standard + Ramsey (j + k ≤ 2) [0.71, 0.96]
(0.49, 1.15)

[3.91, 11.60]
(3.46, 13.09)

[0.91, 0.91]
(0.88, 0.94)

[0.05, 0.05]
(0.03, 0.06)

Notes: Panel A reports linear IV estimates and implied consumer incidence (ICD) and deadweight loss (DWL).
Panel B reports estimated bounds under the linear random coefficients model; see Appendix SA.8 for details on
implementation. In Panel A, round brackets denote 95% cluster-robust confidence intervals. In Panel B, square
brackets denote estimated bounds and round brackets denote 95% cluster-robust confidence intervals. Consumer
incidence and deadweight loss are evaluated at a baseline total sales tax rate of 7.2 percent. An asterisk indicates
a bound that is equal to the logical bound constructed without using the data.

The first row of Panel B reports bounds that only use the standard reduced form
coefficients. These bounds are informative and, except for the lower bound on average
supply, they are tighter than the logical bounds produced by the model without fitting
the data at all. However, they are still quite wide, with the average elasticity of demand
being anywhere from highly inelastic (0.31) to highly elastic (3.71). The bounds on supply
are similarly quite wide. The combined result is that the bounds on deadweight loss are
consistent with a range of possibilities, including moderate efficiency losses of $0.25 per
dollar raised. The bounds on incidence run the gamut from being roughly equally shared
(0.56) to being almost fully borne by the consumer (0.96).

The second row of Panel B adds the RER, which requires taxes to affect supply only
through the before-tax price. In the random coefficients model, this is imposed by setting
Bs

z = −Bs
p. The RER leads to the much tighter set estimate on average demand of

[0.62, 0.99]. It also produces noticeably tighter bounds on the average supply elasticity,
although the tightening is less than one might have anticipated given the identifying power
of the RER for the constant coefficients case. The lack of information about supply doesn’t
matter much for estimates of incidence and deadweight loss, which are nearly identical
to the ones produced by the constant coefficients model. The implication is that the way
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Figure 14: Incidence and change in deadweight loss for discrete tax changes
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Notes: The x-axis shows the counterfactual tax rate, with the vertical line at 7.2 denoting the baseline rate.
The left panel shows the level of consumer incidence under the new tax rate. The right panel shows the change
in deadweight loss compared to the baseline rate divided by the change in revenue compared to the baseline rate.
These estimates are positive because deadweight loss and revenue change in the same direction as tax rates
change. The specification is the same as in the final row of Panel B. Solid lines report point estimates and
shaded regions report 95% confidence intervals.

in which Zoutman et al. (2018) use the RER for identification implicitly relies on market
homogeneity in an important way to extract the single estimate 5.81 in Panel A from the
range of possibilities represented by our bounds in Panel B.

A more formal explanation of this point can be seen from analyzing the pass-through
of taxes to consumer prices, which is given by

∂

∂Z
pe(Z,B) = −Bs

z
Bd

p +Bs
p

= Bs
p

Bd
p +Bs

p
,

where the final equality imposes the RER by setting Bs
z = −Bs

p. Suppose that the pass-
through in a market is between .86 and .94, similar in magnitude to our reduced form
estimate of 0.90 in Table SA.4, which averages across markets. Even if the demand elastic-
ity Bd

p were known to be exactly .62 in this market, such a narrow range of pass-through
would still imply that supply elasticities must lie between 3.81 and 9.71. This suggests that
even small amounts of heterogeneity can cause RER-based point identification arguments
to rapidly break down.

The RER may be a questionable assumption if there are tax-specific compliance costs.
In the third row of Panel B, we replace the RER by second-order moments of the re-
duced form, which provide a different source of additional information without requiring
additional assumptions (see Section 4.3). The resulting bounds are broadly similar to
the second row under the RER; the average demand elasticity bound is somewhat tighter
with a larger lower endpoint, while the average supply elasticity bound is somewhat wider.
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Bounds on incidence and deadweight loss are also slightly wider, but still quite similar to
estimates under constant coefficients. Note that our bounds on the average elasticity of
demand exclude the point estimate in the constant coefficients case, consistent with the
attenuation results developed in Section 3.3.

The final row of Panel B combines the RER with higher-order moments of the reduced
form. The estimates remain roughly the same, but the identified sets tighten, as expected
from including more information. All of the estimates point to small efficiency losses from
sales tax with a large majority of the losses being borne by consumers.

Figure 14 shows the estimated welfare impacts of larger, discrete reforms to the sales
tax rate, using the derivations in Appendix SA.2. Points on the x-axis to the left of 7.2
correspond to tax cuts, while points to the right correspond to tax increases. Consumer
incidence remains tightly estimated at around 0.91, regardless of the size of the reform.
The change in deadweight loss is also tightly estimated, although some ambiguity emerges
in our bounds when considering large tax increases. Even for these large tax increases,
the results suggest that the efficiency costs of sales taxes are modest.

6 Conclusion

We analyzed the classic simultaneity problem modified to allow for rich unobserved het-
erogeneity across markets. This modification is natural in the context of the modern liter-
ature on instrumental variables with heterogeneous treatment effects and arises naturally
from microfounded models. However, it raises substantial complications for identification,
computation, estimation, and inference. As we showed, it also implies that linear IV es-
timators designed for a constant coefficients model will tend to be attenuated. In light
of this finding, it may be worth re-examining empirical results that used the linear IV
estimator for evidence of attenuation and its downstream implications.

While it is known that most interesting target parameters will not be point identi-
fied (Masten, 2018), we showed that it is still possible to provide remarkably informa-
tive bounds on several interesting target parameters while using an empirically tractable
methodology. Our application to the welfare impacts of sales taxes showed that while
some features of a system, such as the average supply elasticity, may be partially iden-
tified with relatively uninformative bounds, one can still obtain tight inference on other
features of the system, such as deadweight loss and consumer incidence.

It is worth emphasizing the importance of a partial identification approach for ob-
taining these findings. The necessary results for point identification developed by Masten
(2018) are quite stark. They are certainly not satisfied in the Fulton fish market example
and likely not satisfied in our sales tax application either. However, Masten’s results do not
say by how “much” point identification fails. Partial identification emerges as an essential
tool for quantifying the extent to which a failure of point identification really indicates a
lack of information, rather than simply a lack of uniqueness. For further discussion, see
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Manski (2007), Tamer (2010), Ho and Rosen (2017), or Molinari (2020).
Other commonly used models of demand (and supply) place strong restrictions on

market heterogeneity. A prominent example in recent literature is the discrete choice
model for differentiated goods developed by Berry (1994) and Berry et al. (1995). These
models have limited unobserved heterogeneity across markets but are otherwise more
complicated than the single-good linear model that we studied. They are likely point
identified (Berry and Haile, 2014) and always implemented under this premise. It stands
to reason that incorporating unobserved heterogeneity into these models will also render
them partially identified. Whether they remain informative requires further research.
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SA.1 Proofs for Section 2

Proof of Proposition 1. First, suppose that π ∈ Π†. Then there exists an F ∈ F† such
that π = πF . Suppose that m /∈ M†. The definition of M† implies that if there is a q

such that µ(q) = m, then q /∈ Q†. The definition of F† as PF [Q ∈ Q†] = 1 then implies
that

πF (m) ≡ PF [µ(Q) = m] ≤ PF [Q /∈ Q†] = 0,

and therefore that πF (m) = 0 for all m /∈ M†.
Conversely, suppose that π ∈ Π is such that π(m) = 0 for all m /∈ M†. Then for

each m ∈ M†, there exists at least one q ∈ Q† such that µ(q) = m; select a unique one
q̃(m) for each m. Let F be a discrete distribution defined as PF [Q = q] =

∑
m∈M 1[q =

q̃(m)]π(m). Then for all m ∈ M†,

πF (m) ≡ PF [µ(Q) = m] = PF [Q = q̃(m)] = π(m),

while πF (m) = π(m) = 0 for all m /∈ M†. We conclude that π ∈ Π†. q.e.d.

Proof of Proposition 2. Let Π⋆ denote the feasible region of (np-lp). We begin by
showing that F⋆ is non-empty if and only if Π⋆ is non-empty.

Suppose first that F⋆ is non-empty and let F ⋆ ∈ F⋆. Let π⋆(m) ≡ πF ⋆(m) ≡
PF ⋆ [µ(Q) = m]. Then π⋆ ∈ Π† by definition of F† and because F ⋆ ∈ F⋆ ⊆ F†. In
addition, because F ⋆ ∈ F⋆,

∑
m∈M

1[mz = y]π⋆(m) =
∑
m∈M

1[mz = y] PF ⋆ [µ(Q) = m]

= PF ⋆ [µ(Q) ∈ {m : mz = y}]

= PF ⋆ [Y (z) = y] = P[Y = y|Z = z],

so that π⋆ ∈ Π⋆. Conclude that Π⋆ is non-empty.
Conversely, suppose that Π⋆ is non-empty and let π⋆ ∈ Π⋆. Then let F ⋆ be a discrete

distribution defined as

PF ⋆ [Q = q] =
∑

m∈M†

1[q = q⋆(m)]π⋆(m), (35)

where q⋆(m) is any element of Q† such that µ(q⋆(m)) = m. The existence of q⋆(m) for
m ∈ M† is ensured by π⋆ ∈ Π⋆ ⊆ Π† and the definition of M†. Then F ⋆ ∈ F† because
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q⋆(m) ∈ Q† for all m. In addition, F ⋆ ∈ F⋆ because

PF ⋆ [Y (z) = y] = PF ⋆ [µ(Q) ∈ {m : mz = y}]

=
∑
m∈M

1[mz = y] PF ⋆ [Q = q⋆(m)]

=
∑
m∈M

1[mz = y]π⋆(m) = P[Y = y|Z = z],

where the final equality follows from π⋆ ∈ Π⋆. Conclude that F⋆ is non-empty.
Now we show that τ⋆ub = t⋆ by showing that t⋆ ≥ τ⋆ub and t⋆ ≤ τ⋆ub. Symmetric

arguments apply to the lower bounds. If either F⋆ or Π⋆ is empty, then both are empty,
as just shown, so τ⋆ub = t⋆ = −∞, and the claim is established. So, assume that both F⋆

and Π⋆ are non-empty in the following.
We begin by showing that t⋆ ≥ τ⋆ub. Suppose first that τ⋆ub is finite and let ϵ > 0 be

arbitrary. By the definition of a supremum and the assumption that F⋆ is non-empty,
there exists an F ⋆ ∈ F⋆ such that EF ⋆ [τ(Q)] ≥ τ⋆ub − ϵ. Let π⋆(m) ≡ πF ⋆(m), which
we established above was an element of Π⋆. As such, it is a feasible solution of (np-lp),
which implies that

t⋆ ≥
∑
m∈M

t(m)π⋆(m) =
∑
m∈M

t(m) PF ⋆ [µ(Q) = m] (36)

≥
∑
m∈M

EF ⋆ [τ(Q)|µ(Q) = m] PF ⋆ [µ(Q) = m] = EF ⋆ [τ(Q)],

where the second inequality follows from the definition of t(m) as a supremum. We
conclude that t⋆ ≥ EF ⋆ [τ(Q)] ≥ τ⋆ub − ϵ. Because ϵ > 0 was arbitrary, this implies that
t⋆ ≥ τ⋆ub.

Now consider the case that τ⋆ub = ∞ is infinite. Then for any K > 0, there exists an
F ⋆K ∈ F⋆ such that EF ⋆K

[τ(Q)] > K. Let π⋆K(m) ≡ πF ⋆K (m), which is again an element of
Π⋆, so feasible in (np-lp), and satisfies (36) with π⋆K and F ⋆K in place of π⋆ and F ⋆. So,
t⋆ ≥ EF ⋆K

[τ(Q)] > K. Because K > 0 was arbitrary, we conclude that t⋆ = ∞, so that
again t⋆ ≥ τ⋆ub.

For the other inequality, start by considering the case that there exists an optimal
solution π⋆ to (np-lp), so that t⋆ is finite. Let M†

+ ≡ {m : π⋆(m) > 0} denote the set
of market types to which π⋆ assigns strictly positive mass. Then t(m) is finite for all
m ∈ M†

+. Let ϵ > 0 be arbitrary. For each m ∈ M†
+, take any q⋆(m) ∈ Q† that satisfies

both µ(q⋆(m)) = m and τ(q⋆(m)) ≥ t(m) − ϵ. The existence of q⋆(m) follows from t(m)
being the supremum in the market type problems (18), which is finite for m ∈ M†

+. Let
F ⋆ be the discrete distribution defined from q⋆(m) and π⋆(m) as in (35). Then F ⋆ ∈ F⋆,
as established above, so that τ⋆ub ≥ EF ⋆ [τ(Q)]. In addition, we have also constructed F ⋆
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so that

τ⋆ub ≥ EF ⋆ [τ(Q)] =
∑

m∈M†
+

EF ⋆ [τ(Q)|M = m] PF ⋆ [M = m]

=
∑

m∈M†
+

τ(q⋆(m))π⋆(m)

≥
∑

m∈M†
+

t(m)π⋆(m) − ϵ
∑

m∈M†
+

π⋆(m)

=
∑
m∈M

t(m)π⋆(m) − ϵ = t⋆ − ϵ.

Because ϵ > 0 was arbitrarily small, we conclude that τ⋆ub ≥ t⋆.
Now consider the case when (np-lp) has no solution. Because Π⋆ is non-empty by

assumption, compact by construction, and the objective of (np-lp) is linear, this can only
happen if at least one of the coefficients t(m) in the linear objective is infinite. Divide
M† ≡ M†

0 ∪ M†
∞, where M†

0 contains all m ∈ M† such that t(m) is finite and M†
∞

contains all m ∈ M† such that t(m) = ∞. Let K > 0 be arbitrary. Then there exists a
π⋆K ∈ Π⋆ such that

∑
m∈M† t(m)π⋆K(m) > K. For all m ∈ M†, let q⋆K(m) be such that

µ(q⋆K(m)) = m. Additionally, for m ∈ M†
∞, choose this q⋆K(m) such that

τ(q⋆K(m)) > K −K0∑
m′∈M†

∞
π⋆K(m′) where K0 ≡

∑
m∈M†

0

τ(q⋆K(m))π⋆K(m).

Set F ⋆K to be the discrete distribution that places mass π⋆K(m) on q⋆K(m), the same as in
(35). Then F ⋆K ∈ F⋆, as previously established. In addition,

EF ⋆K
[τ(Q)] =

∑
m∈M†

EF ⋆K
[τ(Q)|M = m] PF ⋆K

[M = m]

=
∑

m∈M†
0

τ(q⋆K(m))π⋆K(m) +
∑

m∈M†
∞

τ(q⋆K(m))π⋆K(m)

> K0 +
∑

m∈M†
∞

(
K −K0∑

m′∈M†
∞
π⋆K(m′)

)
π⋆K(m) = K.

Because K > 0 was arbitrary, this shows that τ⋆ub = ∞, so that τ⋆ub ≥ t⋆ = ∞.
q.e.d.

SA.2 Derivation of Welfare Target Parameters

We focus on the case where Q and P are specified in logs, because this is what we use in
our application. Similar expressions can be derived when Q and P are specified in levels.
For notation, we let qe ≡ exp(Qe) and pe ≡ exp(P e) be equilibrium quantity and price in
levels. Note that in this section pe is the before-tax price.
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We consider an ad valorem tax with rate r and let θ ≡ log(1 + r). Assuming the tax
θ is paid by consumers, the equilibrium price and quantity as a function of the tax are

pe (θ) = exp
(
Z ′
(
Bd

z −Bs
z

Bd
p +Bs

p

)
− Bd

p
Bd

p +Bs
p
θ

)
(37)

qe (θ) = exp
(
Z ′
(
Bs

pB
d
z +Bd

pB
s
z

Bd
p +Bs

p

)
− Bd

pB
s
p

Bd
p +Bs

p
θ

)
. (38)

Equilibrium sales as a function of θ are therefore:

sal(θ) ≡ pe (θ) qe (θ) = exp
(
Z ′
(
Bd

z (1 +Bs
p) −Bs

z (1 −Bd
p )

Bd
p +Bs

p

)
− Bd

p (1 +Bs
p)

Bd
p +Bs

p
θ

)
. (39)

And government revenue is:

rev (θ) = r × sal(θ) = (exp(θ) − 1)sal(θ). (40)

The differences in consumer and producer surplus from a tax of r relative to no taxes are
given by

cs(θ) ≡
∫ pe(0)

(1+r)pe(θ)
exp(Z ′Bd

z −Bd
p log(x)) dx (41)

ps(θ) ≡
∫ pe(θ)

pe(0)
exp(Z ′Bs

z +Bs
p log(x)) dx. (42)

Deadweight loss from the tax is then given by

dwl(θ) = − (cs(θ) + ps(θ) + rev(θ)) . (43)

Using the above expressions, the change in consumer and producer surplus and revenue
from a marginal tax increase can be shown through Leibniz’s rule to be given by

cs′(θ) ≡ −(1 + r)sal(θ) Bs
p

Bd
p +Bs

p

ps′(θ) ≡ −sal(θ) Bd
p

Bd
p +Bs

p

rev′(θ) ≡ sal(θ)
(

1 + r
Bs

p (1 −Bd
p )

Bd
p +Bs

p

)
.

The corresponding change in deadweight loss is then

dwl′(θ) ≡ −
(
cs′(θ) + ps′(θ) + rev′(θ)

)
= rsal(θ) Bd

pB
s
p

Bd
p +Bs

p
.

Usually, we normalize the change in deadweight loss by the corresponding change in
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revenue and consider the quantity

dwl′(θ) ≡ dwl′(θ)
rev′(θ) = rBd

pB
s
p

Bd
p +Bs

p + r (1 −Bd
p )Bs

p
. (44)

We also consider the marginal incidence on consumers of the tax, which is defined as the
relative consumer surplus impact:

icd(θ) ≡ cs′(θ)
cs′(θ) + ps′(θ) = (1 + r)Bs

p
Bd

p + (1 + r)Bs
p
. (45)

We can also compute the impacts of a non-marginal change in the tax from θ0 to θ1.
This results in a non-marginal change in deadweight loss of

dwl(θ0 → θ1) ≡ dwl(θ1) − dwl(θ0) =
∫ θ1

θ0
dwl′(θ) dθ. (46)

Normalizing this against the change in government revenue gives

dwl(θ0 → θ1) ≡ dwl(θ1) − dwl(θ0)
rev(θ1) − rev(θ0) =

∫ θ1
θ0

dwl′(θ) dθ∫ θ1
θ0

rev′(θ) dθ
, (47)

which is a complicated function of both supply and demand slopes, as well as the two tax
levels. Similar arguments can be used to derive expressions for discrete changes in other
quantities, such as consumer and producer surplus.

SA.3 Reverse Engineering Linear IV Estimators

In this section, we provide details on the results discussed in Section 3.3 about inter-
preting a linear IV estimator through the lens of a model with unobserved heterogeneity
in price elasticities. Sections SA.3.1 and SA.3.2 provide conditions under which a gen-
eral 2SLS estimand is a non-negatively weighted average of heterogeneous demand slopes
when the actual model is a linear random coefficients model. We express the linear ran-
dom coefficients model using the notation (rc) introduced in Section 4. Section SA.3.3
shows that similar results continue to hold for the Wald estimand if the actual model is
nonparametric.

SA.3.1 Weighting expressions for the 2SLS estimand

Let β2sls denote the two-stage least squares estimand with outcome variable Q, endoge-
nous variable P , and Z ≡ (Z1, Z2) divided into excluded variables (instruments), Z1, and
included covariates, Z2. An application of the Frisch-Waugh Theorem shows that

β2sls = E[Q(Ṗ − L[Ṗ |Z2])]
E[P (Ṗ − L[Ṗ |Z2])]

, (48)
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where L[·|·] denotes the linear projection (population fitted values) from regressing the
first argument onto the second, so that Ṗ ≡ L[P |Z] are the population fitted values from
regressing P onto Z. The next proposition shows that β2sls will be a weighted average of
the demand slope if Z1 are supply shifters that are excluded from the demand equation.

Proposition SA.1. Divide Z = (Z1, Z2) and assume that Bd
z = (0, Bd

z,2), so that Z1

corresponds to excluded supply shifters. Let Z̃1 ≡ Z1 − L[Z1|Z2] denote the vector of
population residuals from linear regressions of each component of Z1 onto Z2. Then

−β2sls = E [Bd
pω2sls(Bd

p )]

where ω2sls(Bd
p ) ≡ E

[
Bs

z,1
Bd

p +Bs
p

∣∣∣Bd
p

]′
E[Z̃1Z̃

′
1δ1]

E[(Z̃ ′
1δ1)2]

, with δ1 ≡ E

[
Bs

z,1
Bd

p +Bs
p

]
.

The weights ω2sls(Bd
p ) satisfy E[ω2sls(Bd

p )] = 1.

Note that the interpretation in Proposition SA.1 is for −β2sls rather than β2sls simply
because of our normalization in (rc) that Bd

p is non-negative.

Proof of Proposition SA.1. Because Z and B are independent and Bd
z,1 = 0, we get

from (25) that

E[P |Z] = Z ′
1 E

[
−Bs

z,1
Bd

p +Bs
p

]
+ Z ′

2 E

[
Bd

z,2 −Bs
z,2

Bd
p +Bs

p

]
≡ −Z ′

1δ1 + Z ′
2δ2. (49)

This conditional mean is linear in Z, so the first-stage fitted values are Ṗ = E[P |Z] and
the residuals from projecting off Z2 are

Ṗ − L[Ṗ |Z2] = −Z̃ ′
1δ1,

where Z̃1 ≡ Z1 − L[Z1|Z2]. Then from (48),

β2sls = E[Q(Ṗ − L[Ṗ |Z2])]
E[P (Ṗ − L[Ṗ |Z2])]

= E[QZ̃ ′
1δ1]

E[PZ̃ ′
1δ1]

.

Because Z2 and Z̃1 are orthogonal, the denominator simplifies to

E[PZ̃ ′
1δ1] = E

[
(−δ′

1Z1 + δ′
2Z2)Z̃ ′

1δ1
]

= − E
[
δ′

1Z1Z̃
′
1δ1
]

= − E
[
(Z̃ ′

1δ1)2
]
.

For the numerator, first note that from (25), the independence of B and Z, and Bd
z,1 = 0,

E[Q|Z] = Z ′
1 E

[
Bd

pB
s
z,1

Bd
p +Bs

p

]
+ Z ′

2 E

[
Bs

pB
d
z,2 +Bd

pB
s
z,2

Bd
p +Bs

p

]
≡ Z ′

1η1 + Z ′
2η2, (50)
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where

η1 ≡ E

[
Bd

pB
s
z,1

Bd
p +Bs

p

]
= E

[
Bd

p E

[
Bs

z,1
Bd

p +Bs
p

∣∣∣Bd
p

]]
.

Using the orthogonality of Z̃1 with Z2, the numerator of β2sls can be written as

E[(Z ′
1η1 + Z ′

2η2)Z̃ ′
1δ1] = η′

1 E[Z1Z̃
′
1δ1] = E

[
Bd

p E

[
Bs

z,1
Bd

p +Bs
p

∣∣∣Bd
p

]′

E[Z̃1Z̃
′
1δ1]

]
.

Combining numerator and denominator, we arrive at

−β2sls = E

[
Bd

p E

[
Bs

z,1
Bd

p +Bs
p

∣∣∣Bd
p

]′
E[Z̃1Z̃

′
1δ1]

E[(Z̃ ′
1δ1)2]

]
≡ E[Bd

pω2sls(Bd
p )],

which is the claimed expression. To see that E[ω2sls(Bd
p )] = 1, note that

E

[
E

[
Bs

z,1
Bd

p +Bs
p

∣∣∣Bd
p

]]
= E

[
Bs

z,1
Bd

p +Bs
p

]
≡ δ1.

q.e.d.

Interpreting the weights ω2sls(Bd
p ) in Proposition SA.1 is easier when Z1 is scalar, so

that δ1 is also scalar. In this case,

E[Z̃1Z̃
′
1δ1]

E[(Z̃ ′
1δ1)2]

= E[Z̃2
1 ]δ1

E[Z̃2
1 ]δ2

1
= 1
δ1

≡ 1
E[Bs

z,1/(Bd
p +Bs

p)] ,

and the weights reduce to

ω2sls(Bd
p ) =

E
[
Bs

z,1/(Bd
p +Bs

p)|Bd
p

]
E[Bs

z,1/(Bd
p +Bs

p)] . (51)

This expression shows algebraically why β2sls is attenuated. The weights are proportional
to the expected shift in prices for a market with demand slope Bd

p . The size of the shift
depends directly on the impact of the supply shifter, Bs

z,1, but inversely on the total slopes
of the supply and demand curves, Bd

p + Bs
p. If Bd

p is independent of both Bs
z,1 and Bs

p,
then this implies that markets with larger values of Bd

p receive smaller weights. Deviations
from independence can potentially overturn this conclusion.

Proposition SA.1 is interesting in the context of more general recent results on inter-
preting 2SLS estimands developed by Blandhol et al. (2025). Those authors show that
2SLS estimands for specifications that include covariates cannot in general be expressed as
a weighted average of causal effects because they have “level dependence,” meaning that
they also depend on the levels of potential values of the outcome variable. They show
that a necessary and sufficient condition to avoid level dependence is that the covariate
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specification is rich enough to ensure that L[Z1|Z2] = E[Z1|Z2]. Proposition SA.1 shows
that the random coefficients structure breaks this necessary condition, ensuring that β2sls

is no longer level dependent. This finding reinforces a general theme of the results in
Blandhol et al. (2025) that positive interpretations of the 2SLS estimand require some
parametric structure. The random coefficients model provides that structure by implying
reduced form equations ((49) and (50)) that are linear in Z.

While Proposition SA.1 shows that β2sls is a weighted average of Bd
p , it doesn’t say

anything about the sign of the weights. The next proposition provides two sufficient
conditions for the weights to be non-negative.

Proposition SA.2. Suppose that the conditions of Proposition SA.1 are satisfied. Then
P[ω2sls(Bd

p ) ≥ 0] = 1 if either

(a) Z1 is scalar and either P[Bs
z,1 ≥ 0] = 1 or P[Bs

z,1 ≤ 0] = 1.

(b) Bs
z,1 is independent of (Bd

p , B
s
p).

Proof of Proposition SA.2. (a) If Z1 is scalar, then the weights reduce to (51). Be-
cause Bd

p + Bs
p is always non-negative, ω2sls(Bd

p ) is also non-negative if Bs
z,1 only takes

one sign.
(b) If Bs

z,1 is independent of (Bd
p , B

s
p), then δ1 = E[Bs

z,1] E[1/(Bd
p +Bs

p)], so that

E

[
Bs

z,1
Bd

p +Bs
p

∣∣∣Bd
p

]
= E[Bs

z,1] E

[ 1
Bd

p +Bs
p

∣∣∣Bd
p

]
= δ1

E [1/(Bd
p +Bs

p)|Bd
p ]

E [1/(Bd
p +Bs

p)] .

It follows that

ω2sls(Bd
p ) = E

[
Bs

z,1
Bd

p +Bs
p

∣∣∣Bd
p

]′
E[Z̃1Z̃

′
1δ1]

E[(Z̃ ′
1δ1)2]

= E[1/(Bd
p +Bs

p)|Bd
p ]

E[1/(Bd
p +Bs

p)] , (52)

which is always positive because Bd
p +Bs

p is always positive. q.e.d.

The condition in the first part of Proposition SA.2 is a random coefficients version
of the instrument monotonicity condition discussed in Section 2.5. Requiring Z1 to be
scalar is important for the monotonicity condition to reflect a sensible ordering, yet vector
instruments are commonly used in practice (Mogstad et al., 2021, 2024). For example,
when Angrist et al. (2000) analyze the Fulton fish market data, they use three different
types of binary weather instruments without commenting on the instrument monotonicity
condition. The condition in the second part of Proposition SA.2 allows Z1 to be a vector.
It replaces the monotonicity condition with the assumption that the impact of the supply
shifter is independent of the supply and demand slopes.
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SA.3.2 Attenuation of the 2SLS estimand

The next proposition shows that if the second condition of Proposition SA.2 is satisfied,
then β2sls will tend to understate the average slope of demand.

Proposition SA.3. Suppose that the conditions of Proposition SA.1 are satisfied and
that condition (b) of Proposition SA.2 is satisfied. Then −β2sls ≤ E[Bd

p ] if and only if

C

[
Bd

p ,
1

Bd
p +Bs

p

]
≤ 0. (53)

In particular, (53) is satisfied under either of the following two conditions:

(a) E[Bd
p | Bs

p] = E[Bd
p ].

(b) E[(Bd
p +Bs

p)−1 | Bd
p = bd

p ] is a weakly decreasing function of bd
p .

Proof of Proposition SA.3. Recall (24):

−β2sls = E[Bd
p ] + C[Bd

p , ω2sls(Bd
p )]. (24)

We will show that the covariance term is negative under either of the two stated conditions.
Suppose that condition (b) of Proposition SA.2 is satisfied. Then (52) in the proof of

Proposition SA.2 is satisfied. So

C[Bd
p , ω2sls(Bd

p )] = C

[
Bd

p ,E

[ 1
Bd

p +Bs
p

∣∣∣Bd
p

]]
E

[ 1
Bd

p +Bs
p

]−1
.

Because Bd
p , B

s
p are assumed to be non-negative, the sign of this term is determined by

the covariance, which simplifies to

C

[
Bd

p ,E

[ 1
Bd

p +Bs
p

∣∣∣Bd
p

]]
= E

[
(Bd

p − E[Bd
p ]) E

[ 1
Bd

p +Bs
p

∣∣∣Bd
p

]]
= E

[
E

[
(Bd

p − E[Bd
p ]) 1

Bd
p +Bs

p

∣∣∣Bd
p

]]
= E

[
(Bd

p − E[Bd
p ]) 1

Bd
p +Bs

p

]
= C

[
Bd

p ,
1

Bd
p +Bs

p

]
. (54)

Using (24), this shows that (53) is necessary and sufficient for −β2sls ≤ E[Bd
p ].

If E[(Bd
p +Bs

p)−1 | Bd
p = bd

p ] is a weakly decreasing function of bd
p , then from (54),

C

[
Bd

p ,
1

Bd
p +Bs

p

]
= − C

[
Bd

p ,− E

[ 1
Bd

p +Bs
p

∣∣∣Bd
p

]]
≤ 0,

because the covariance of two weakly increasing functions of Bd
p is non-negative (for ex-
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ample, Thorisson, 1995, Section 2). Alternatively, if Bd
p is mean independent of Bs

p, then

C

[
Bd

p ,
1

Bd
p +Bs

p

]
= E

[
(Bd

p − E[Bd
p ]) 1

Bd
p +Bs

p

]
= E

[
(Bd

p − E[Bd
p ])
( 1
Bd

p +Bs
p

− 1
E[Bd

p ] +Bs
p

)]
, (55)

where the second equality follows because

E

[
(Bd

p − E[Bd
p ]) 1

E[Bd
p ] +Bs

p

]
= E

[
(E[Bd

p |Bs
p] − E[Bd

p ]) 1
E[Bd

p ] +Bs
p

]
= 0.

Simplifying (55) then shows that

C

[
Bd

p ,
1

Bd
p +Bs

p

]
= E

[
(Bd

p − E[Bd
p ])
(

E[Bd
p ] −Bd

p
(Bd

p +Bs
p)(E[Bd

p ] +Bs
p)

)]
≤ 0.

q.e.d.

Proposition SA.3 illustrates an important difference between simultaneous linear mod-
els with random coefficients and their simpler, triangular counterparts. The triangular
model would replace the supply equation (for example) in (rc) with an equation like
P = Z ′C for random coefficients C. Heckman and Vytlacil (1998) observed that if the
component of C corresponding to the excluded instrument is in fact constant, then the
linear IV estimand is equal to the average partial effect of the endogenous variable on the
outcome. This type of reasoning no longer applies when there is simultaneity because the
coefficient on the instrument in the reduced form for price is still heterogeneous due to
heterogeneity in the slope of the demand equation. In this way, simultaneity with random
coefficients can be interpreted as fundamentally creating “essential heterogeneity” in the
terminology of Heckman et al. (2006).

SA.3.3 Nonparametric attenuation of the Wald estimand

In this section, we show that the basic argument and intuition behind Proposition SA.3
continues to apply to the Wald estimand even if the actual data generating process does
not have a random coefficients structure. Our starting point is the expression (14) for the
Wald estimand constructed from a binary instrument contrast:

βwald ≡ E[Q|Z = 1] − E[Q|Z = 0]
E[P |Z = 1] − E[P |Z = 0]

= E

[(
P e(1) − P e(0)

E[P e(1) − P e(0)]

)
εd
]

= E [εd] + C[P e(1) − P e(0), εd]
E[P e(1) − P e(0)] ,

where we suppress the market type (M) in the notation, because it is not relevant for the
following argument. Assume that the monotonicity condition P e(1) ≥ P e(0) is satisfied.
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Changing signs to be more comparable to the 2SLS discussion gives

−βwald ≤ − E[εd] ⇔ C[P e(1) − P e(0),−εd] ≤ 0. (56)

We conclude that βwald will be an attenuated measure of average demand if and only if
markets with larger equilibrium price changes have less elastic demand.

This result can be connected to the intuition discussed in the main text under the
assumption that the instrument is an additive supply shifter. Suppose that

Qs(p, z) = Qs
0(p) +Bs

zz (57)

for some function Qs
0(p) that does not depend on z. Define the average slope of supply to

be

εs ≡ Qs(P e(1), z) −Qs(P e(0), z)
P e(1) − P e(0) = Qs

0(P e(1)) −Qs
0(P e(0))

P e(1) − P e(0) ,

noting that the second equality holds because of the separability in (57). Then

εd (P e(1) − P e(0)) = Qe(1) −Qe(0)

= Qs(P e(1), 1) −Qs(P e(0), 0)

= Qs
0(P e(1)) −Qs

0(P e(0)) +Bs
z = εs (P e(1) − P e(0)) +Bs

z.

Rearranging gives an expression for the change in equilibrium prices:

P e(1) − P e(0) = −Bs
z

εs − εd . (58)

Substituting into (56), we conclude that

−βwald ≤ − E[εd] ⇔ C

[ −Bs
z

εs − εd ,−ε
d
]

≤ 0. (59)

If demand and supply slope in the expected direction, then the monotonicity condition
P e(1) ≥ P e(0) can hold if and only if Bs

z ≤ 0 (see (58)). If Bs
z is constant or more generally

independent of (εd, εs), then we can simplify (59) further to conclude that

−βwald ≤ − E[εd] ⇔ C

[ 1
εs − εd ,−ε

d
]

≤ 0. (60)

The covariance term in (60) compares a weakly increasing and weakly decreasing function
of the non-negative random variable −εd. If εs were constant or independent, then this
term would necessarily be negative, leading to attenuation. This is effectively a nonpara-
metric version of (53) and Proposition SA.3. In order for there not to be attenuation, the
stochastic dependence between εd and εs needs to be sufficiently strong to flip the sign of
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the covariance term.

SA.4 Incorporating Additional Nonlinear Parameters

In this section, we discuss how to compute the full and limited information approaches
when the random coefficients specification (26) has an additional nonlinear parameter α.
The leading example in which this flexibility is useful is to require some coefficients to be
constant, in which case their constant values become part of α, with the corresponding
marginals of Fh(b;α) being set to Dirac point masses characterized by α. This case has a
considerable amount of structure that we show how to exploit for computational gains. It
also leads to testable implications that shed some light on the random coefficients model.

SA.4.1 Profiled optimization

The optimization problem remains (28) with nonlinear parameters, but we now need to
optimize over both π and α. This can be handled by profiling α into an outer optimization.
The upper bound problem becomes a nested version of (30):

τ⋆ub = max
α∈A

[
max
π∈Π(α)

π′τ̄(α) s.t. π′ḡ(y, z;α) = P[Y ≤ y|Z = z] for all y, z
]
, (61)

where Π(α) ≡ {π : (α, π) ∈ AΠ}. We follow the usual convention here that the maximum
of an infeasible program is negative infinity if α is such that the inner problem of (61) is
infeasible. The inner problem of (61) is a linear program as long as Π(α) is polyhedral,
which it will be when π are mixing weights and Π(α) = Π is the simplex. This means we
can solve the inner problem to provable optimality quite quickly, leaving only the outer
problem to contend with using less structured algorithms.

SA.4.2 Constant coefficients

Solving the outer problem of (61) can be challenging if α is high-dimensional. In this
section, we show that if α is used to keep track of constant coefficients, then the structure
of the random coefficients model means that it has effective dimension no larger than two.
This makes it feasible to solve the outer problem with a grid search.

Separate Z ≡ (Z1, Z2) into two subvectors, where the coefficients on Z1 are constant in
both the supply and the demand equations and the coefficients on Z2 are random variables.
Write the coefficient vectors as Bd

z ≡ (bd
z,1, B

d
z,2) and Bs

z ≡ (bs
z,1, B

s
z,2). Substituting this
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notation into the reduced form equation (25) and taking expectation produces

E[P |Z] = Z ′
1

(
bd

z,1 − bs
z,1

)
E

[ 1
Bd

p +Bs
p

]
+ Z ′

2 E

[
Bd

z,2 −Bs
z,2

Bd
p +Bs

p

]
,

E[Q|Z] = Z ′
1

(
bd

z,1 E

[
Bs

p
Bd

p +Bs
p

]
+ bs

z,1 E

[
Bd

p
Bd

p +Bs
p

])
+ Z ′

2 E

[
Bd

z,2B
s
p +Bs

z,2B
d
p

Bd
p +Bs

p

]
.

The coefficients on Z1 in linear regressions of P and Q onto Z are therefore

ρp ≡ βpb
d
z,1 − βpb

s
z,1, where βp ≡ E

[ 1
Bd

p +Bs
p

]
,

and ρq ≡ (1 − βq)bd
z,1 + βqb

s
z,1, where βq ≡ E

[
Bd

p
Bd

p +Bs
p

]
.

Solving this system of equations for bd
z,1 and bs

z,1 gives

bd
z,1 = ρq + βq

βp
ρp, and bs

z,1 = ρq +
(
βq − 1
βp

)
ρp. (62)

Equation (62) shows that the constant coefficient vectors bd
z,1 and bs

z,1 are fully deter-
mined by the unknown scalars βp and βq together with the reduced form regression coef-
ficients ρp and ρq. Let α = (βp, βq, b

d
z,1, b

s
z,1). Then (62) shows that α is two-dimensional

given knowledge of ρp and ρq, regardless of the dimension of Z1. This observation means
that the grid search over A in the outer problem of (61) has dimension two. To exploit
this dimension reduction, create a grid over (βp, βq), fix a point on the grid, use (62) to
solve for bd

z,1 and bs
z,1 from the (point identified) reduced form coefficients ρq and ρp, then

solve the inner problem of (61) while adding the deterministic constraints

βp =
dπ∑
h=1

πh

∫ ( 1
bd

p + bs
p

)
dFh(b;α) and βq =

dπ∑
h=1

πh

∫ (
bd

p
bd

p + bs
p

)
dFh(b;α)

to the definition of Π(α). This strategy makes it computationally feasible to include
several exogenous shifters or covariates in the full information approach, as long as they
enter with constant coefficients.

Exclusion restrictions further reduce the dimension of α. Suppose that the coefficient
on the first component of Z1 in the demand equation is known to be zero (bd

z,1,1 = 0), so
that this component is an excluded supply shifter. Then the first equation of (62) implies
that

0 = ρq,1 + βq
βp
ρp,1 or βp = −ρp,1

ρq,1
βq, (63)

so that βp is determined by βq and the reduced form regression coefficients. The unknown
scalar βq determines α, so A is effectively one-dimensional.
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Having both an excluded demand and supply shifter makes α point identified. Suppose
that the first coefficient on Z1 in the demand equation is zero, bd

z,1,1 = 0, and that the
coefficient on the second component of Z1 is zero in the supply equation, bs

z,1,2 = 0. Then
(63) still holds, but the second equation of (62) additionally implies that

0 = ρq,2 +
(
βq − 1
βp

)
ρp,2, (64)

where ρq,2 and ρp,2 are the second components of the vectors of reduced form coefficients.
Combining (63) and (64) shows that βp and βq are point identified from the reduced form
regression coefficients:

βq =
(

1 − ρp,1ρq,2
ρq,1ρp,2

)−1

and βp = −ρp,1
ρq,1

(
1 − ρp,1ρq,2

ρq,1ρp,2

)−1

.

The constant coefficients are then point identified through (62). In this case, the outer
problem of (61) disappears.

SA.4.3 Overidentification with constant coefficients

Suppose that both the first and second demand coefficients of Z1 are known to be zero,
so that there are two excluded supply shifters, both with constant supply coefficients.
Then (63) applied to both of these components produces the testable implication that
ρq,1/ρp,1 = ρq,2/ρp,2.

This testable implication represents a partial preservation of the familiar overidentifica-
tion test from the constant coefficients case to the random coefficients case. The difference
is that the overidentified quantity is not the slope on price in the demand equation—which
is now random—but rather the ratio βq/βp, which is a weighted average of the slope of
price in the demand equation. The implication requires the corresponding coefficients of
the supply equation to be non-random, which is a restrictive assumption. The implication
can be turned into a test using the usual types of overidentification tests, as long as all
excluded instruments are supply shifters with constant supply coefficients. Otherwise, one
could use the minimum distance interpretation of overidentified linear IV estimators (see
Windmeijer, 2019) to construct a test that compares only those coefficients that satisfy
these properties.

SA.5 Estimation and Statistical Inference

In this section, we discuss methods for estimation and inference using a finite sample
{Pi, Qi, Zi}ni=1 of n markets. As in Section SA.4, we allow the basis functions Fh(·;α) to
be indexed by a nonlinear parameter α, which could correspond to constant coefficients,
but could also incorporate some other parameterization.
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SA.5.1 Criterion function for the full information approach

In this section, we derive a scalar criterion function c(F ) that measures the extent to which
the distribution of Y ≡ (P,Q) implied by a given distribution of random coefficients, F ,
matches the empirical distribution of Y . Let

υ(y;F ) ≡ E
[
(1[Y ≤ y] − PF [Y ≤ y|Z])2

]
, (65)

where the outer expectation is taken over the joint distribution of (Y, Z) for a fixed y.
Then

υ(y;F ) ≥ E
[
(1[Y ≤ y] − P[Y ≤ y|Z])2

]
for any F , (66)

by standard least squares arguments, with equality obtained if and only if PF [Y ≤ y|Z =
z] = P[Y ≤ y|Z = z] for almost every z. The population criterion function aggregates
over all y:

c(F ) ≡
∫
υ(y;F ) dG(y),

where G is the unconditional population distribution of Y . Then F minimizes c if and
only if PF [Y ≤ y|Z = z] = P[Y ≤ y|Z = z] for every y and almost every z. The criterion
function therefore provides an alternative characterization of the identified set for F :

F⋆ = arg min
F∈F†

c(F ).

For computation, we continue to restrict the set of admissible distributions F† to have
the form (26), so that F is parameterized by (α, π), and the criterion function can be
written as

c(α, π) =
∫

E
[
(1[Y ≤ y] − π′ḡ(y, Z;α))2

]
dG(y),

where π and ḡ(y, z;α) are dπ-dimensional vectors containing πh and ḡh(p, q, z;α) for h =
1, . . . , dπ. We estimate c from {Pi, Qi, Zi}ni=1 using sample analogs that replace G by the
empirical distribution of Y and the inner expectation in the definition of c by the joint
distribution of (Y, Z):

cn(α, π) ≡ 1
n2

n∑
j=1

n∑
i=1

(
1[Yi ≤ Yj ] − π′ḡ(Yj , Zi;α)

)2
. (67)

SA.5.2 Criterion function for the limited information approach

For the limited information approach, we build a criterion function based on matching
the reduced form coefficients ρj,k, as defined in (34), across multiple values of j and k.
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Collect ρj,k across choices of j and k into a vector ρ. Then (34) imposed for all of these j
and k can be rewritten as the system of linear equations

L(α)π = ρ, (68)

where L(α) is a matrix whose entries are given by

[L(α)](j,k),h = (−1)j
∫ ((bs

z,1)j+k(bd
p)k

(bd
p + bs

p)j+k

)
dF̃h(b;α),

with (j, k) indexing the rows and h indexing the columns. We’ve also added α to the
notation, in case a nonlinear parameter is desired. We use the population criterion function

c(α, π) ≡ ∥L(α)π − ρ∥2 .

Let ρj,k,n denote the OLS estimator of ρj,k, with ρn the vector formed from these estima-
tors. Then the sample criterion function is

cn(α, π) ≡ ∥L(α)π − ρn∥2. (69)

In our application in Section 5, we use a weighted version of this criterion:

cn(α, π) ≡ ∥ diag(Σn)−1 (L(α)π − ρn) ∥2, (70)

where Σn is an estimator of the asymptotic variance of ρn.

SA.5.3 Estimation

For either the full or limited information approaches, we use the criterion function to
construct estimators of τ⋆lb and τ⋆ub while accounting for partial identification, following a
procedure similar to that in Mogstad et al. (2018). In the first step of the procedure, we
determine the best possible fit to the data by solving for

c⋆n ≡ min
(α,π)∈AΠ

cn(α, π). (71)

We solve this problem by profiling α as in (61); the inner problem is now a quadratic
program in either the full or limited information approach, as can be seen from both (67)
and (69). In the second step, we construct estimators of the sharp bounds on the identified
set T ⋆. The upper bound estimator is

τub,n ≡ max
(α,π)∈AΠ

π′τ̄n(α) − κn (cn(α, π) − c⋆n) , (72)
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where κn is a non-negative tuning parameter, and τ̄n(α) is a vector of estimators of τ̄h(α),
only needed if τ depends on Z:

τ̄h,n(α) ≡ 1
n

n∑
i=1

∫
τ(Zi, b) dFh(b;α). (73)

The lower bound estimator is the optimal value of a minimization counterpart to (72)
that penalizes in the opposite direction:

τlb,n ≡ min
(α,π)∈AΠ

π′τ̄n(α) + κn (cn(α, π) − c⋆n) . (74)

Both τlb,n and τub,n always exist, with τlb,n ≤ τub,n, so that the estimated bounds are
always non-empty.

Intuitively, the upper bound estimator τub,n tries to find the largest value of the es-
timated target parameter π′τ̄n(α) that can be achieved by a parameter value that “al-
most” matches the data as well as possible. The notion of “almost” matching the data is
controlled by κn, which penalizes deviations from the best-matching criterion value, c⋆n.
Mogstad et al. (2018, Sections 3.2 and S3) imposed these penalties by requiring (α, π) to
satisfy the constraint

cn(α, π) ≤ c⋆n(1 + λn) (75)

for a non-negative tuning parameter λn that shrinks to zero with n. Our approach here
simply focuses on the Lagrangian form, with the shrinking slackness parameter λn being
replaced by the expanding Lagrangian penalty κn. We do this because cn(α, π) is a
quadratic function of π and adding a quadratic penalty is less burdensome computationally
than imposing a quadratic constraint.

SA.5.4 Choosing the tuning parameter

Using a finite penalty (instead of κn = +∞) is important to ensure consistency because
it smooths out potential pathologies that could arise when considering the convergence
of sequences of sets (see, for example, Molinari, 2020, Section 4.2.1). In practice, we use
data-driven Monte Carlo simulations to choose κn so that the resulting bound estimates
perform well in a DGP fit to the empirical distribution.

In the first step of this procedure, we find an optimizer (α⋆n, π⋆n) of the minimum
criterion problem (71). We augment the criterion of this problem with a small L2 penalty
for π, to help ensure that π⋆n is away from the boundary of the simplex. Let F ⋆n denote
the distribution of B produced by (α⋆n, π⋆n):

F ⋆n(b) ≡
dπ∑
h=1

π⋆nhFh(b;α⋆n). (76)
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Then let

τ⋆ub,n ≡ max
α∈A

[
max
π∈Π(α)

π′τ̄(α) s.t. π′ḡ(y, z;α) = PF ⋆n [Y ≤ y|Z = z] for all y, z
]
, (77)

denote the pseudo-population upper bound, where “pseudo” refers to the fact that the
distribution of observables being matched here is that which would be produced by F ⋆n ,
rather than that of the true (but unknown) population distribution. Let τ⋆lb,n be the anal-
ogous pseudo-population lower bound. Alternatively, when using the limited information
criterion, we let ρ⋆n denote the vector of reduced form moments implied by F ⋆n and then
define

τ⋆ub,n ≡ max
α∈A

[
max
π∈Π(α)

π′τ̄(α) s.t. L(α)π = ρ⋆n

]
,

and similarly for the lower bound.
In the second step, we use F ⋆n to conduct a Monte Carlo simulation with m samples

of size n. The exogenous variables, Zi, are drawn from the empirical distribution. The
random coefficients Bi are drawn from F ⋆n and then combined with Zi to produce a draw
of (Yi, Zi). Let τ ℓlb,n(κ) and τ ℓub,n(κ) denote estimators that use the ℓth sample and tuning
parameter value κ, where the dependence on κ is now made explicit in the notation. We
find the κ that minimizes the average root mean-squared error of τ ℓlb,n(κ) and τ ℓub,n(κ) as
estimators for the pseudo-population bounds τ⋆lb,n and τ⋆ub,n:

κ⋆n ≡ arg min
κ≥0

(
1
m

m∑
ℓ=1

(
τ ℓlb,n(κ) − τ⋆lb,n

)2
)1/2

+
(

1
m

m∑
ℓ=1

(
τ ℓub,n(κ) − τ⋆ub,n

)2
)1/2

.

We take κ⋆n to be the tuning parameter choice and use it to construct τlb,n and τub,n with
data from the original sample by solving (74) and (72).

SA.5.5 Statistical inference

In this section, we describe two methods of conducting inference for the limited information
approach, which is what we use in the sales tax application in Section 5. As in that
application, we assume that there is no nonlinear parameter, α.

One method is to apply the testing procedure developed in Fang et al. (2023) for sys-
tems of linear equations with known coefficients. Augment the linear system of equations
(68) with an additional linear equation reflecting the target parameter:

Lπ = ρ and τ̄ ′π = t, (78)

where t is some hypothesized value of the target parameter. Note that L is a deterministic
matrix of coefficients, so if τ̄ is known, then testing the null hypothesis that there exists
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a π ∈ Π satisfying (78) is exactly the problem analyzed by Fang et al. (2023). Confidence
intervals can be constructed by inverting a series of tests for different t. All of the target
parameters we consider in Section 5, such as E[Bd

p ], are such that τ̄ is known.
A simpler method is to first construct a confidence region for ρ and then optimize π

over this confidence region. Let R denote a confidence region for ρ. Then the lower bound
of the confidence interval is the optimal value of the program

min
π∈Π

π′τ̄ s.t. Lπ ∈ R, (79)

while the upper bound is the optimal value of the corresponding maximization problem.
We construct R from the usual Euclidean norm using a robust asymptotic variance esti-
mator Σn for ρn, viewed as a system of OLS estimators:

R ≡
{
ρ : (ρn − ρ)′Σ−1

n (ρn − ρ) ≤ χ2(1 − a)
}
,

where χ2(1 −a) is the 1 −a quantile of a chi-squared distribution with degrees of freedom
equal to the dimension of ρ. This confidence region makes (79) and its maximization
counterpart a (convex) second-order cone program.

SA.6 Algebra for the Limited Information Approach

In this appendix, we derive the regression specification for P jQk given in (33). We start
by rewriting the reduced form using more compact notation:

pe(Z,B) = Z ′
(
Bd

z −Bs
z

Bd
p +Bs

p

)
≡ Z ′Ap and qe(Z,B) = Z ′

(
Bs

pB
d
z +Bd

pB
s
z

Bd
p +Bs

p

)
≡ Z ′Aq.

Using the multinomial theorem, we have

P j ≡
∑

j:|j|=j

j
j

Aj
pZ

j and Qk ≡
∑

k:|k|=k

k
k

Ak
qZ

k,

where j ≡ (j1, . . . , jdz) and k ≡ (k1, . . . , kdz) are multi-indices with the usual notation:

|j| ≡
dz∑
i=1

ji,

j
j

 ≡ j!
j1! · · · jdz !

≡ j!
j! , and Zj ≡

dz∏
i=1

Zjii .
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Multiplying these two monomial expansions and applying a change of variables ℓ = j + k

gives

P jQk =
∑

|j|=j

∑
|k|=k

j!k!
j!k!A

j
pA

k
qZ

j+k

=
∑

|ℓ|=j+k
Zℓ

 ∑
|j|=j

j+k=ℓ

j!
j!
k!
k!A

j
pA

k
q

 ≡
∑

|ℓ|=j+k
ZℓAj,k(ℓ).

Substituting the definitions of Ap and Aq, we get that

Aj,k(ℓ) =
∑

|j|=j
j+k=ℓ

j!
j!
k!
k!

dz∏
i=1

(
Bd

z,i −Bs
z,i

Bd
p +Bs

p

)ji (Bs
pB

d
z,i +Bd

pB
s
z,i

Bd
p +Bs

p

)ki
,

which is the expression given in (33).

SA.7 Microfounding a Linear Random Coefficients Model

In this section, we provide models of consumer and firm behavior that produce a market-
level demand system that has random coefficients.

SA.7.1 Demand

Consider a set J of consumers indexed by j in a single market. Each consumer has
preferences over quantities of a numeraire q0,j and a focal good qj given by

Uj (q0,j , qj) =

q0,j + ξjq
χ
j − γj if qj > 0

q0,j if qj = 0,
(80)

where 0 < χ < 1 measures the concavity of the sub-utility over the focal good, ξj > 0 is the
relative weight of the focal good, and γj is a disutility shock from consuming any positive
amount of the product, for example due to a fixed transaction cost. Let N(ξ) denote the
mass of consumers of type ξj = ξ, and suppose that γj is distributed independently of ξj
according to the Pareto distribution:

F (γ) =


(
γ
γ

)ψ
if γ ≤ γ

0 if γ > γ.

Each consumer chooses qj to maximize utility subject to the budget constraint q0,j+pqj =
yj where yj is individual income, p is the price of the focal good, and the price of the
numeraire is normalized to one. Substituting the budget constraint into preferences (80),
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we obtain the following utility maximization problem for the consumer:

max
qj

yj + ξjq
χ
j − pqj − γj if qj > 0

yj if qj = 0
.

The fixed transaction cost γj creates the possibility of corner solutions where some
consumers prefer not to consume any amount of the focal product (e.g., Dubé, 2019).
Suppose that the consumer is at an interior solution. Solving the first-order conditions at
an interior solution yields individual-level demand

qj =
(

p

χξj

)− 1
1−χ

.

The associated indirect utility conditional on consuming a positive amount is

yj + ξ
1

1−χ
j χ

χ
1−χ (1 − χ) p− χ

1−χ − γj .

This indirect utility is greater than the utility from purchasing none of the focal good if
and only if

ξ
1

1−χ
j χ

χ
1−χ (1 − χ) p− χ

1−χ ≥ γj . (81)

The share of consumers of type ξ that consume a positive amount of the good is given by
the proportion for which (81) is true:

F
(
ξ

1
1−χχ

χ
1−χ (1 − χ) p− χ

1−χ
)

=

ξ 1
1−χχ

χ
1−χ (1 − χ) p− χ

1−χ

γ

ψ ,
where F is the distribution of γj , which is assumed to be independent of ξ.

The aggregate market demand for the focal good is then determined by the combination
of the intensive and extensive margins of demand integrated over ξ:

Qd(p) ≡
∫ (

p

χξ

)− 1
1−χ

F
(
ξ

1
1−χχ

χ
1−χ (1 − χ) p− χ

1−χ
)
N (ξ) dξ

=
[
χ

1+ψχ
1−χ

(1 − χ

γ

)ψ ∫
ξ

1+ψ
1−χN (ξ) dξ

]
p

− 1+ψχ
1−χ .

Taking logs yields the following expression for market-level demand:

log(Qd(p)) = Bd
1 −Bd

p log(p)

where Bd
1 ≡ log

(
χ

1+ψχ
1−χ

(1 − χ

γ

)ψ ∫
ξ

1+ψ
1−χN (ξ) dξ

)
and Bd

p ≡ 1 + ψχ

1 − χ
. (82)

Equation (82) has the form (rc) with qd(p,B,Z) ≡ log(Qd(p)) being linear in log(p).
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The slope coefficient in (82) depends on utility parameters χ and ψ that character-
ize preferences. While consumer theory provides a characterization of how individual
consumers with these preferences will behave, it provides no restriction on how these pref-
erence parameters vary across markets composed of different consumers. The assumption
that Bd

p is constant would effectively require imposing this type of homogeneity restriction.

SA.7.2 Supply

Suppose that each market is characterized by a representative firm that produces output
of the focal good in the consumer demand model of the previous section using labor ℓ and
capital k through a Cobb-Douglas production function:

Akagℓ(1−a)g,

where A is total factor productivity, 0 < a < 1 is capital intensity, and 0 < g ≤ 1 measures
returns to scale. Total cost is given by

c (k, ℓ) ≡ w0
kk

1+bk + w0
ℓ ℓ

1+bℓ ,

where bk, bℓ ≥ 0 allow input costs to increase with the use of each input. Suppose that the
firm takes both input and output prices as given and chooses inputs to maximize profit.

The representative firm’s cost of producing q of the focal good is given by

c(q) ≡ min
k,ℓ

w0
kk

1+bk + w0
ℓ ℓ

1+bℓ s.t. q = Akagℓ(1−a)g.

The first-order conditions are

(1 + bk)w0
kk

bk = νagAkag−1ℓ(1−a)g

and (1 + bℓ)w0
ℓ ℓ

bℓ = ν(1 − a)gAkagℓ(1−a)g−1,

where ν is the Lagrange multiplier for the output constraint. Taking the ratio of first-order
conditions and rearranging, we obtain:

k =
[

a

1 − a

(1 + bℓ)w0
ℓ

(1 + bk)w0
k

] 1
1+bk

ℓ
1+bℓ
1+bk . (83)

Substituting (83) into the production function yields labor demand conditional on q:

ℓ =
[

1 − a

a

(1 + bk)w0
k

(1 + bℓ)w0
ℓ

] a
a(1+bℓ)+(1−a)(1+bk) ( q

A

) 1+bk
g[a(1+bℓ)+(1−a)(1+bk)]

. (84)
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Substituting (84) into (83) and rearranging yields capital demand conditional on q:

k =
[

a

1 − a

(1 + bℓ)w0
ℓ

(1 + bk)w0
k

] 1−a
a(1+bℓ)+(1−a)(1+bk) ( q

A

) 1+bℓ
g[a(1+bℓ)+(1−a)(1+bk)]

. (85)

These factor demands imply that the cost function for producing q is

c(q) = c̃×
(
q

A

) (1+bk)(1+bℓ)
g[a(1+bℓ)+(1−a)(1+bk)]

where

c̃ ≡ [a(1 + bℓ) + (1 − a)(1 + bk)]

×
(

w0
k

a(1 + bℓ)

) a(1+bℓ)
a(1+bℓ)+(1−a)(1+bk)

×
(

w0
ℓ

(1 − a)(1 + bk)

) (1−a)(1+bk)
a(1+bℓ)+(1−a)(1+bk)

.

To maximize profit taking output price p as given, the firm chooses quantity Qs(p) to
solve

Qs(p) = arg max
q

pq − c(q).

The first-order condition is:

p = (1 + bk)(1 + bℓ)
g [a(1 + bℓ) + (1 − a)(1 + bk)]

c̃A−1
(
Qs(p)
A

)( (1+bk)(1+bℓ)
g[a(1+bℓ)+(1−a)(1+bk)] −1

)
.

Rearranging and taking logs yields

log(Qs(p)) = Bs
1 +Bs

p log(p)

where Bs
1 ≡ logA+ g [a(1 + bℓ) + (1 − a)(1 + bk)]

(1 + bk)(1 + bℓ) − g [a(1 + bℓ) + (1 − a)(1 + bk)]

× log
[
Ag [a(1 + bℓ) + (1 − a)(1 + bk)]

(1 + bk)(1 + bℓ)c̃

]
and Bs

p ≡ g [a(1 + bℓ) + (1 − a)(1 + bk)]
(1 + bk)(1 + bℓ) − g [a(1 + bℓ) + (1 − a)(1 + bk)]

. (86)

Equation (86) has the form (rc) with qs(p,B, Z) ≡ log(Qs(p)) being linear in log(p).
The slope coefficient in (86) depends on parameters that characterize both the pro-

duction function and the input market. If the structure of the production function or
input market differs across product markets, then the supply equation will have random
coefficients. Differences in the structure of the input market elasticities in particular could
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Table SA.3: Estimation sample and reduced form estimates

Panel A. Estimation sample
Sample window 2008–2014
Modules 249
Counties 2,111
Biennial periods 10
Observations 3,994,604
Panel B. Reduced form estimates
Outcome Estimate Std. error
Consumer price (P ) 0.90 0.01
Before-tax price (P − Z) -0.10 0.01
Quantity (Q) -0.56 0.05

Notes: See Section SA.8.1 for definitions and details.

be caused by differences in monopsony power or taxes.

SA.8 Application Details

This section provides more details on the data construction and empirical specification
for the sales tax application in Section 5.

SA.8.1 Data construction

We provide more details on how we construct the data used in Section 5; see Gaarder and
Henry de Frahan (2025) for a more extensive discussion.

The NielsenIQ scanner data provides store-level prices and quantities for a large set of
universal product codes (UPCs). The Thomson Reuters OneSource Sales Tax database
provides statutory tax rates and product-level taxability status. We merge these two
datasets in the same way as described in Gaarder and Henry de Frahan (2025).

To construct the estimation sample, we begin by aggregating individual UPCs to
NielsenIQ’s product modules. We restrict attention to modules in the top quartile of
the 2008 sales distribution. Next, we balance the sample at the store-by-product level,
keeping only store-product pairs that are observed throughout the entire sample window
of January 2008 to December 2014. We aggregate the balanced store-level data to the
module-by-county level. We define a market to be a county-module pair.

We construct price and quantity indices for each market in each of the 14 semiannual
periods following the same approach as Gaarder and Henry de Frahan (2025). The indices
are constructed following a regression procedure proposed by Handbury and Weinstein
(2015). Gaarder and Henry de Frahan (2025) show that using chained Laspeyres indices
produces similar measures of price, both inclusive of sales tax (consumer prices) and net of
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Table SA.4: Reduced form moments used for limited information estimation

Order j k ρj,k,n SE
Panel A. Baseline moments (j + k ≤ 1)

1 1 0 0.90 0.01
1 0 1 -0.56 0.05

Panel B. Additional moments (j + k ≤ 2)
2 2 0 0.78 0.06
2 1 1 -0.26 0.16

Notes: The coefficients ρj,k,n are estimates of ρj,k, the reduced form moments matched by the limited informa-
tion estimator. Panel A reports the first-order moments used in the baseline specification. Panel B reports the
additional higher-order moments used when the information set is expanded to (j + k ≤ 2).

sales tax (before-tax prices). Then we use these 14 time periods to define rolling changes
in log quantity and log prices for 10 two-year periods, in order to capture longer-run
responses to tax changes. Finally, we residualize the rolling two-year changes in prices
and quantity by regressing them on module-by-census region-by-time period fixed effects
and retaining the residuals as P and Q. We define the instrument Z as being the two-year
change in log(1 + r), residualized in the same way, where r is the ad valorem tax rate.

Panel A of Table SA.3 shows the dimensions of the resulting estimation sample. Panel
B shows reduced form estimates from regressions of P , Q, and P − Z onto Z.

SA.8.2 Basis specification

We model the distribution of B̃ ≡ (Bd
p , B

s
p, B

s
z,1) with a tensor product basis of univariate

cubic B-splines. Each component is restricted to be non-negative and normalized to
integrate to one, so that the resulting convex mixture is always a density (see, for example,
Matsuda and Iwafuchi, 2025). We specify each univariate basis with an open uniform
knot vector: the first and last four knots are repeated, and the interior knots are equally
spaced. We use seven knots each for Bd

p and Bs
p, and twelve knots for Bs

z,1. The tensor
product basis has 1,134 terms. Imposing the supply-side Ramsey Exclusion Restriction
Bs

z,1 = −Bs
p reduces the basis to 81 terms.

SA.8.3 Reduced form moments

Table SA.4 reports the estimates of ρj,k used in the application. For j+k ≤ 1, we use both
moments (j, k) = (1, 0) and (j, k) = (0, 1). These moments also appear in Table SA.3;
they are the usual reduced form moments used in a constant coefficients approach. For
j+k ≤ 2, we additionally include (j, k) = (2, 0) and (j, k) = (1, 1). We omit (j, k) = (0, 2)
because this moment—which is for P 0Q2 = Q2—carries little price information, so it
seems to add more noise than information.
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SA.9 Additional Exhibits

Figure SA.15: Expanding the smooth bases one component at a time
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Notes: See notes for Figure 13. In each panel, we only expand the basis for one of the components of B̃ ≡
(Bd

p , B
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s
z,1) at a time.
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